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Rapid Laminar 


Boundary-Layver Calculations 


» 


by Piecewise Application of Similar Solutions 


A. M. O. SMITH* 
Douglas Lircraft Company, Ine. 


SUMMARY 


A method is presented for the rapid calculation of the incom 
pressible laminar boundary layer in an arbitrary flow around 
either a two-dimensional or a rotationally-symmetrical body 
The solution is obtained without recourse to von Karman’s 
momentum equation by means of a coarse step-by-step procedure 
in which each segment of the velocity distribution is approxi 
mated by one of the Falkner-Skan family of similar flows 

Solutions have at least as much accuracy as those of any other 
one-parameter approximate method, and in certain cases the 
solutions become exact In regions of accelerating velocity, the 
accuracy appears to be very high. In decelerating flows, sepa- 
ration is predicted somewhat early compared with exact solutions 

that is, the method is conservative in contrast to the von 
Karman-Pohlhausen procedure which sometimes fails to predict 
separation that actually exists 

The method is the most rapid hand procedure known to the 
author, provided the full history of the boundary layer is re 
quired. If only a thickness such as @ is needed at one point on a 
surface, then it is about equal in speed to the quadrature method 
But, if several values of @ or other properties along a surface are 
required, it is appreciably faster than the quadrature method. 
Characteristically, only four steps are needed between the forward 
stagnation point and the pressure peak. Once the velocity- 
distribution data are available, each step in a two-dimensional 


calculation requires about 5 minutes, using a slide rule 


SYMBOLS 


cross-sectional area of a body of revolution 

maximum cross-sectional area of a body of revolution 

the wing chord or other characteristic reference length 

the boundary-layer shape factor, 6* 

an arbitrary constant in Eq. (1) 

dimensionless skin friction, (@/U) (Ou/oy 
Eq. (16). 

exponent in Eq. (1), defining free-stream velocity vari- 
ation; alsom = B/(2 — B) 

radius of a body of revolution 

maximum radius of a body of revolution 

reference Reynolds Number, U’,,c/v 

boundary-layer Reynolds Number, U’6/v 


velocity in the boundary layer in the x-direction 
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~> 
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= velocity at edge of the boundary lavet 
reference velocity, usually the free-stream velocity 
distance along the surface of the body measured from 
the upstream stagnation point 
distance along the chord or axis of a bod, 
distance perpendicular to the surface of the body 
a measure of the length of a step in the step-by-step 
solution ; see Eq. (12 
Hartree’s beta, 217 /(m + 1 
momentum thickness of the boundary layer 
dimensionless momentum thickness; sce Eq. 3 
Pohlhausen’s lambda, (6?/v) dU /dx 
a measure of the velocity gradient in the step-by-step 
method; see Eq. (9 
kinematic viscosity 
p = mass density of the fluid 
T = local wall shear stress 
Note: Barred symbols represent equivalent two-dimensional 
flows derived from rotationally symmetrical types by the Manglet 


transformation 


INTRODUCTION 


_— A sTUDY OF such references as 1, 2, and 3, it 
becomes obvious that a large variety of methods 
exist for calculating the incompressible laminar bound 
ary layer. So many methods and modifications exist 
that even a cursory review of them becomes impossible 
in the present short article. Therefore, we shall be 
content to divide the available methods roughly into 
two classes: (a) low accuracy but usually fast meth 
ods —e.g., the von Karman-Pohlhausen and quadrature 
methods, and (b) high accuracy but generally slower 
methods—viz., the two-parameter, finite-difference, 
and series methods. 

Highly accurate methods are seldom needed except 
where the boundary-layer profile must be determined 
quite accurately, as for stability calculations. But, 
in general, when such accuracy is demanded, only 
the finite-difference and series methods can supply it, 
for the accuracy requirement becomes so severe that 
even the two-parameter methods that invoke both the 
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momentum and energy equations still fall short. 

Other types of problems usually require only a knowl- 
edge of simpler properties, such as some characteristic 
thickness of the boundary layer, the local or total skin 
friction, or the separation point. In this field, high 
accuracy is unnecessary, and a number of methods al- 
ready exist that are capable of supplying results having 
acceptable engineering accuracy. Hence, a major 
justification for further development in the field of 
category (a) lies in the reduction of computing labor. 

Since about 1948, a very quick approximate method 
devised by the writer and falling into category (a) has 
been in casual use for rough calculations. Until 1954, 
it was thought to be appreciably deficient in accuracy 
as compared with Pohlhausen’s and other established 
procedures, chiefly because the method was too easy. 
During this year, its accuracy was checked and found 
to be as high, in general, as that of any other method 
of category (a). Sometimes it was better than other 
methods, sometimes worse, but it was never enough 
in error to be of any concern. It predicts separation 
somewhat early, but this feature is not necessarily a 
serious drawback—first, because, in many technical 
applications, turbulence sets in prior to laminar sep- 
aration; and, second, unlike some methods, the pro- 
cedure supplies conservative results since it will always 
predict separation if separation exists. 

The boundary-layer profiles are members of the 
Falkner-Skan family instead of being expressed by some 
sort of polynomial or other explicit mathematical ex- 
pression. This in itself is an advantage, for it makes 
possible the approximate application of a great deal of 
stability information and other data developed for the 
family of similar flows. The success of the present pro- 
cedure appears to warrant like efforts with the more 
complicated flows involving compressibility or mass 


transfer. 


THE METHOD 


Consider an arbitrary velocity distribution repre- 
sented by the curve 0-A in Fig. 1. In this Figure, as 


throughout, we let 
local stream velocity at the edge of the 


boundary layer 
reference stream velocity 
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x = distance along surface from the front stag 
nation point 

c = the chord or any other reference length 

R. = reference Reynolds Number, L’..c/v 


At some segment 1—2 of the flow, the flow at point 
will have a definite set of properties such as lL’, | 
(0; oVR., IT, ete. 
match U,/U. and (6;/c)VR, at this same point by 
many different types of flow, one of which could be 
= k(x/c)”, where k and 


This equivalent flow, in general, 


Now, of course, it is possible t 


similar flow of the type Ul’ 
m are constants. 
will not have the same boundary-layer profile, but 
nevertheless, its momentum thickness and velocity will 
match at point 1. 

Our equivalent flow may not necessarily begin at 
x/c = 0. Once this fact is realized, it becomes obvioys 
that the Falkner-Skan similar flow can be described 
by the following equation, where x»/¢ represents an 
arbitrary origin :* 

U/U.. = k[{(x/c) — (x%o/c) |" (1 
Because Eq. (1) contains three unknown constants, 8, 
xo/c, and m, it usually becomes possible to provide 
a similar flow that produces the proper value of (4, c) x 
VR, and matches the given velocity at points | and 2 
Only in rare cases will it match the entire velocity curve 
between these points, but, in most cases, the difference 
will be small. If (0@,/c) V R. and U,/U 


matched at point 1, (6/c) V R. at point 2 should be 
from the 


are properly 
predicted rather accurately by formulas 
“similar solutions,’’ for the main source of error comes 
only from the slight difference in the paths taken by the 
given and the approximating velocities between the 
points | and 2. 

If the approximation is possible, then at points | and 
2, respectively, the velocity ratios can be written 


U,/U 
U2/U. = k[(x2/c) — (xo/c) ]?? (2b 


= k[(x,/c) — (xo/c) P/"~* (2a 


where now we introduce the Hartree 8 to replace the 
exponent m. Various properties of the boundary 
layer can be matched at the ends of any interval 1-2, 
but the most logical is 6, the momentum thickness 
Since the momentum deficiency in a boundary layer 1s 
pU”6, failure to match 9 at the junction of two segments 
implies a discontinuity in momentum, which, of course 
is impossible in ordinary low-speed boundary-layer 
flow. When the origin is variable, a convenient formula 
for the momentum thickness is” 


c) — (xo/c) e 
3)0- 0) 


The dimensionless momentum thickness 0, a function 
of 8, is given in Table I. 
* This form of the equation is not new, but the method 0 


Eckert,?: 4 for example, used it as a basis for heat- 
Mangler’ derived it and discussed it ™ 


using it is. 
transfer calculations. 
his treatise on the possibilities of similar solutions 











mat 
Sine 
it is 
for £ 
tains 
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mt stag TABLE | Eq. (3) now can be used to eliminate x ‘c, giving 
Boundary-Layer Parameters ; ile ail 
; ‘i i ‘ cee i . —_ 2) ¢ 2 
h Compiled from Reference 5 Us = ), rs (¥2/C) (¥1/€) (= 8)O*| a 
-_ = t te - , (2 
8 0 A* H @F"(0) (2 — B)e? Uy ( (A/c) VR}? Ul 
_9 19884 0.58548 2.35885 4.02925 0 0.75360 . e ‘ . » . — 
; point - 0 195 0 58136 2.11705 3.64153 0.03207 0.74186 Eq. (5) provides a solution for 8 since, at the beginning 
_(). 19 0.57652 2.00676 3.48079 0.04941 0.72790 of a ste © y r . — (f \ > , 
l 1 l —(). 18 0.56771 1.87157 3.29673 0.07303 0.70260 ta step, we know i Un, Me and n/c) K., and, 
. _0 16 0.55219 1.70665 3.09067 0.10535 0.65861 at the end, we know x2/c and l./U.. However, the 
ssible U 53856 1.59590 2.96327 0.12911 0.62070 
_(} 14 0.538856 oot 2 to eal zt 204 so i rc tq. (5 irectly is awkw: The f. ’ 
sient a a 0 31504 1.44270 2 80111 0.16444 0.55706 lution from Eq. ) directly is aw kward. Phe follow 
ald | ~().05 0.49046 1.31236 2.67575 0.19634 0.49313 ing procedure transforms Eq. (5) into a form suitable for 
a De a 0) 0.46960 1.21678 2.59110 0.22052 0.44105 . 
sites po lige rotetnten — chart solution. 
re k and 0.05 0.45174 1.14174 2.52894 0.23993 0.39793 es a ee : 
0.10 0.43546 1.08032 2.48089 0.25563 0.36029 Let Z represent the quantity in Eq. (5) as follows: 
ceric I 1 » 1 
general, 0 20 0.40823 0.98416 2.41079 0.28033 0.29997 
le, but 0.30 0.38574 0.91099 2.36171 0.29885 0.25295 ; (xo/c) — (x1/c) 
aie 0.40 0.36669 0.85263 2.32521 0.31331 0.21514 . oF (6 
city will 0.50 0.35027 0.80455 2.29694 0.32494 0.18403 (Ui/U.) [((/c) VR.}? 
(0.60 0.33591 0.76397 2.274385 0.33451 0 15797 
an 0.80 0.31185 0.69868 2.24047 0.34936 0.11670 Then Eq. (5) ean be written 
egin al 1.00 0.29234 0.64790 2.21623 0.36033 0.08546 
obvious 1.20 0.27611 0.60690 2.19803 0.36881 0.06099 a io ye Q27 }8/'2 —6 (7 
wien: | 1.60 0.25041 0.54402 2.17248 0.38100 0.02508 2/0; t+ Be : 
ESCribed 2 00) 0.23078 0.49743 2.15541 0.38938 0 : . . : ‘ . 3 
ents ar : Now after subtracting 1 from both sides of Eq. (7), we 
divide through by Z but keep Z in its original form on 
At points 1 and 2 there are three values that —_ be the left side. We get, after some rearranging, 
(1 matched—namely, U;/U., Us/U., and (0:/c) V R.. 5 8 ss 2 ; 
- . 9 i » . ° : (U./U.) — (Ui/U.) 6; / : 
ants, p. | Since Egs. (2) and (3) together provide three equations, VR.) = 
provide | itis possible to compute «o/c, k, and 8. We shall solve \% 2/6) — SHr/€) P 
6x | fore. When Eq. (2b) is divided by Eq. (2a), one ob- 1 J ll + (2 — perzy/e- i! (2 
19 tains Z | “ ‘ j 
and? | 
. — (x. fr) 18/2-8 ; P : 
y curve white (x2 C) (x1/C) Let the expression on the left be designated as A—that 
-_ = (4) : 
ference | U, (x1 /c) — (xo/c) is, 
roperly 
) — — 
yuld be —— = 
ym the : 
2 i 
- comes ae 
by the -01 mn — —4 — aa ERAZ_EZZE7F7?2z 
en the 10 t : ; 
° 
s | and 8 
-02 - - - - = — 44 - - + ~ —_ 
3 { 
(2a | 
2 
(2b 
ice the ~.03 e dp reas 
indary 
al 1-2, A 
»kness. 
. - - - ar ~ wae y fe) 
ayer 1S 04 ' | 
rments 
course 
y-layer 
5 - 05 
yrmula 
-.06 
nection 
~OT 
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Fic. 2a. Solution of the equation AZ = [1 + (2 — 8)62Z]8/(2 — 8) — 1, Falkner-Skan boundary-layer family. 














G04 JOURNAL OF THE AERONAUTICAL SCIENCES OCTOBER, 1956 
09 
08 Wy 
| VA 
07 Z 
OG $ 
Ly 
o5 AYpf~ROS A e 
/ny 
A "6 
2d 
04 Ae 
K) 
me 
1 Yo 
03 Ay oe 
02 JY LEA LSSELLIE oe 
f 
4 
Vi 
1@) | 2 z a 5 P 6 R i 8 A) 10 
Fic. 2b. Solution of the equation AZ = [1 + (2 — 8)60?Z]8/(2 — &) — 1, Falkner-Skan boundary-layer family 
‘ COs) Uo) = COO on) FG; JR : " meaning except that it is based on 6. Therefore, 4 
A = ‘R. (9) ; Ber ce ge , 
(xo/c) — (x,/c) C can be thought of as a finite-difference variation ol 


so that Eq. (S) becomes 


AZ = [1+ (2 — poerz]*’?-” — 1 (10) 


As A and Z involve only 6;, both can be evaluated 
readily at the start of a step. § can be found con- 
veniently by means of a plot of Eq. (10). 
such a chart from which 6 can be read immediately once 
A and Z are known. 

What are the meanings of the quantities A and Z? 
First of all, from Eqs. (7) and (10) we see that the 
product AZ equals (U2, — U,)/U;—that is, AZ repre- 
sents the per cent of change in velocity in a particular 


Fig. 2 is 


step. Now we write out the expression for A in full: 
(U2/U.) — (Ui/Ua) 4? Unc 6,7 Al 

A= -— —. = (11) 
(X0/C) — (xX1/C) e pv 1 x 


As Pohlhausen’s \ is (62/v) dU/dx, A has a similar 


Pohlhausen’s X, hence the designation A. 
Now we write out Z in full: 
: (x2/C) — (X1/c) Cc? v 1 Ax 
Z = oe ee al (12 
U,/l 6,7 Uc Ro, 41 
Therefore, Z represents the length of a step referred to 
the momentum thickness, making due allowance for 
the boundary-layer Reynolds Number. 

Once 8 is determined, x0/c and k are easily evaluated 
by the use of Eqs. (2) and (3). For example, from 
Eq. (3) 

No = Xs [(0:/c) VW R-|? (Ui/U@) 


= (13 
(2 — B)e? 


Cc Cc 
In the usual problem, xo//c is of no direct interest, for 
the goal is the evaluation of @ at the end of the step 
that is, the computation of (@2./c) V R,. Since 8 1S 
constant across an interval, we have by Eq. (3) 





Fur 


and 
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a/R ‘ [(x2/c) — (x0/c)] (2 — Be? 4 course, be computed by Eqs. (3) and (13) because 
: << a U./U ’ Eq. (15) applies only to the end of the interval. 
A In summary, the computations proceed as follows, 
Furthermore, by the use of Eq. (13) to eliminate x) « assuming UU’. is already known as a function of 
yj and the subsequent use of Z to eliminate [(x./c) — x/c. Notice the derivative d(U/U.)/d(x/c) never 
c) |, Eq. (14) can be reduced to needs to be evaluated. (a) Compute Z and A by 
Eqs. (6) and (9) and [(0,/c) V R,]?. b) Read 6 from 
§.'c) VR}? = (U1/ U2) [(0,/c) V Re]? X Fig. 2. (c) Read (2 — 8)0? from a chart constructed 
fl + Z (2 — g)e?] (15) from Table 1. (d) Compute [(@./c) V R,.]? by Eq 
(15). (e) Repeat for the next step, now treating 
Values of (0 c) VR, between points | and 2 must, of [(@2/c) V R,]* as [(0,/c) V R,}?. 
= a ———__—_—__ ——- — 
2! 
20 
| 
19 
| 
| 
ta 
N 
15 e 
10 
14 
fore, A 13 
tion of 
q 9 
i 8 
. : 
(12 , 
‘red to / . 
ce for | 
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i O09 por 
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Fic. 2c. Solution of the equation AZ = [1 + (2 — 8)@?Z]8/( — 8) — 1, Falkner-Skan boundary-layer family 
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Fic. 3. Typical velocity distributions, logarithmic plot, experi- 


mental data. 


The first parameters supplied by the process are 
éand gp. The latter is the key to the remainder of the 
boundary-layer properties. 
is assumed to occur when (Ou/Oy)(0) = O, which corre- 
—0.1988. The dimensionless shear 


For example, separation 


sponds to 8 = 
stress / can be found as follows:° 


1 = (0/U) (Ou/Ov)o = (10/pU?)-(U0/v) = 

OF"(0) (16) 
The product OF"(0) is included in Table I. For the 
boundary-layer profiles themselves, the reader must 
refer either to reference 5 or 6. The profiles in both 
references are presented in the form of u/U vs. JY, a 
dimensionless height. Hence, the scaling constants 
become obvious by comparison of the actual @ and the 
dimensionless 0 of reference 5—-that is, 
‘ 00 \ 
u/U = F'(Y)S 


I| 


(17) 


THE STARTING PROCEDURE 


First Method 


Up to here, the analysis has assumed that initial 
values were available for each step. We now consider 
how to start the computations. 
have been found equally satisfactory; in fact, getting 


Two approaches 


started is simple. 

Mangler,’ among others, has pointed out that the 
potential flow past a two-dimensional semi-infinite 
wedge of total interior angle Bx (8 2 0) is U = kv” °~”’, 
For example, if the included angle is 0° (flat plate), 
8=O0OandU =k. If the included angle is 180°, 6 = | 
and U = kx. This knowledge enables one to observe 
the geometry of a surface and know immediately the 
initial value of 6, which then can be used with the 
Falkner-Skan solutions in the ordinary manner. If 
the flow is past an ordinary blunt-nosed airfoil, we 
know 8 = 1, initially. If the airfoil is a symmetrical 
supersonic diamond type with nose angle 8x operating 
at low speed and zero angle of attack, then the initial 
value of 8 is again known, but it is considerably lower 
since the wedge angle is quite small. Similar informa- 
tion is known from the work of Mangler for bodies of 
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revolution.’ A blunt body of revolution begins with 

flow whose initial value of 6 is 1/2. Therefore, in the 
first method, the initial value of 8 is determined by the 
geometry of the body. Then a short step of the onder 


of 0.01¢ to 0.05c is taken. 


Second Method 


The equation U’ = kx” plots as a straight line wit} 
slope m on logarithmic graph paper. The second 
method uses a plot on log paper of the initial part of th 
velocity distribution as in Fig. 3. In many cases, par 
ticularly with low-drag airfoils, it will be found that g 
considerable portion of the velocity distribution forms 
The NACA 65-010 type airfoil has 
such a velocity distribution for 0.01 <[ x/¢ < O16 


a straight line. 


Since the geometric slope on square log paper equals 
the exponent, we know that, somewhere forward oj 
x/c = 0.01, the curve must bend down toward a 45 
slope. However, this portion is so small that it car 
safely be neglected, and one formula and one 8 will 
When such 


fortunate conditions occur, a substantially exact solu 


describe the flow at least to x c = 0.16. 


tion may be available over the entire region of laminar 
flow. 
ellipse slightly different 


Schubauer’s presents a 


problem. The points shown represent all the measured 
data, but they do not approach as close to the beginning 
of the flow as desired. Additional data, of course, could 
be computed, but studies show the work is unnecessary 
A convenient method of obtaining the initial portion 
of the distribution is to fair the curve into an arbitrary 
straight line whose slope on the logarithmic scale is 1, 


as shown by the dashed line. One can see that even 





cruder methods are acceptable, in view of the basic 

formula, 
(@/c) VR. = V (x/c) (2 — B)e?/(U/l 

At a particular value of x/c terminating the first step, 


since LU’ U’., is established, the only factor influencing 



















the value of (0/c) V RX. is the quantity (2 — 8)@ 
Examination of Table I in the interval 0 < 6 < 1 shows | 
| 
' 
i 
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Fic. 4. Illustration of the Mangler transformation 
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that it is a slowly varying function, and, therefore, 
provided the initial step is reasonably short, any value 
of 8 between about 0 and 1 will produce acceptable 
accuracy farther downstream. The first value of 
9c) V RX. may have a large error percentagewise, but, 


if the step is short, the actual error remains trivial. 


\[ODIFICATION FOR BODIES OF REVOLUTION 


With only a small additional amount of labor, 


extends the method to all 


8 


Mangler’s transformation* 
bodies of revolution except ones that are excessively 
sender. Following Mangler, let unbarred symbols 
represent the original flow about the body of revolution 
and let barred symbols represent the transformed two- 
dimensional equivalent flow. The major properties 
of the transformation can be written as follows: 
U=l 

ie., velocities at the edge of the boundary layer are 
transiormed unchanged. 


V/C (r/R) (y/e) (19) 
i [(%/c), (F/c)| = ul[(x/c), (y/c 20) 
B=e8, 


In the above equations, r is the radius of the body at any 
point, and R is the maximum radius. For convenience, 
the ratio r? R® will usually be replaced by its equiva- 
lent, the area ratio a/A. Fig. 4 illustrates the trans- 
formation of a velocity distribution. 

Examination of this curve makes the modification 
obvious. Assume we wish to calculate between points 
land 2in Fig. 1. In computing A and Z, it is seen that 
[(v2 c) — (x1 c)] must be modified by Eq. (18). The 


modification is 


Te ay paale @ = a [Xe Xx) 
pul -$ 6-3 a 

C J x A c A ( c 
where @ A represents a mean value for the interval. 
Intervals can be selected in such fashion that mean 
values of a A can be read easily from the given data 
for the body. The calculations proceed step by step 
as with the two-dimensional case, using values of A and 
Z modified per Eq. (21). Eq. (15) is used unchanged. 
The values of momentum thickness are now, of course, 
in the transformed plane—that is, they are values of 
6c) V R.. 
the actual body of revolution are 


But Eq. (19) shows that the values for 


(0c) VR. = (9/c) V R,.:(R/r), ete. (22) 


Because the only modification to the boundary-layer 
profiles is multiplication by a constant, 8 remains the 
same in either plane. An example for a body of revolu- 
tion will be given in the next section to clarify the pro- 
cedure; the simplifications for a two-dimensional case 


should be obvious. 
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Fic. 5. Sample calculations for a body of revolution whos« 


fineness ratio is 9.14. Chart shows both given data and results 


of calculations 


AN EXAMPLI 


Fig. 5 and Table II represent the calculations as 
applied to the body of revolution shown. The forward 
part is an ellipsoid of revolution whose fineness ratio 
The tail fairing illustrated in Fig. 5 increases 
As with any method of 


is 9:1. 
the fineness ratio to 9.14. 
boundary-layer calculation, the first problem is to 
determine the relationship between axial and periph 
eral distance; for all methods of boundary-layer 
2/t, O/T 
For slender bodies similar to the 


) plane. The relation 


calculation, use the 
is plotted in Fig. 5. 
one of this example, the difference between x ¢ and 
X c could safely be neglected, and only for the sake of 
correctness and illustration is it retained in the ex 
ample. 

The data required for setting up the calculations are 
Uy U., r/R, and a A vs. x/c. The next problem is 
the selection of the intervals. About the only require 
ment is that both Ul’ 
curves within any interval and that they do not deviate 


and aA be reasonably smooth 


greatly from a chord drawn between the termini of the 
step. Calculations for a body of revolution require 
mean values of a A, Eq. (21). Therefore steps should 
be so chosen that mean values of a A can be read 
with reasonable accuracy. In brief, two-dimensional 
flows require observation of the l’/ L’..y vs. x ¢ curve for 
rotationally symmetrical 
both 


selection of the intervals; 
flows require simultaneous consideration of 
U,/U.vs.x/canda A vs.x ¢. 

The present example happens to represent an un- 
usually careful calculation, for it contains two or three 
times as many steps as should normally be necessary. 
Calculations began by using the first method of start 
0.01. 


curves, 


ing—-namely, by assuming 6 = 1,2 for0 < x/« 
Then, purely by observing the a/A and L’/l 

steps were chosen as indicated by the marks on the 
U/U.. curve of Fig. 5. With these chosen, columns 1- 
11 of Table IT can be filled out completely prior to com 
mencement of the actual boundary-layer computations. 
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The table should be self-explanatory, being a straight- 
forward evaluation of Eqs. (11), (12), (15), and (21). 
A curve of (2 — 8)0*° versus 6 should be constructed 
in order to facilitate evaluation of column 16. 

If the flow is two-dimensional, columns 4 and 5 are 
equal to unity, column 7 becomes equal to column 6, and 
column 19 to column 18. In order to conserve space, 
onlv about half the calculations are shown, but the 


iundamental results are presented in Fig. 5. 
ACCURACY 


Introductory Comments 


The purpose of this section is two-fold: to supply 
the user additional guidance concerning the length and 
number of steps to use in a particular problem, and to 
indicate the general level of accuracy that can be ex- 
pected of the method, together with its strong and weak 
features. The assessment of accuracy and comparison 
of this method with the impressively large number of 
methods already available could well form a long paper 
by itself. Fortunately, because considerable evalu- 
ation of many of the methods already exists (e.g., 
references 1, 2, and 3), a significant evaluation is to 
compare results with the quadrature method, par- 
ticularly as presented by Thwaites.* More precise 
methods exist, of course, but all are slow and laborious. 
The present method is rapid but less accurate and, 
therefore, should be compared with others in this 
category of which the quadrature method is generally 
accepted as the best developed to date. Therefore, 
the method will be evaluated by a sort of contest with 
Thwaites’ method for three different problems, which 
are believed to form a representative sample. They 
are the flow’? l’ U’.. = 1 — (x/c), the flow past an 
NACA 0012 airfoil,'' and the flow past Schubauer's 
ellipse.'* The first case has 100 per cent decelerating 
flow, prior to separation; the second has about 30 per 
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The Flow 


The general results are presented in Fig. 6. 


solutions 
Thwaites 
and the 

about th 


lerating and 70 per cent decelerating; and the 
60 per cent accelerating and 40 per cent de 
At this time, it is well to point out that the 
f steps used in these three examples is about 
many as necessary. The three cases are ex- 
leant to represent the highest accuracy pro 
y either method. 

U/U.. = 1 — (x/c) 

Three 


are presented: Howarth’s exact solution, 


’ quadrature solution taken from reference 9, 
piecewise solution. The major observations 


e solutions are: (a) Thwaites’ method pre- 
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NACA 0012 airfoil (a = 0°) 
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NACA 0012 airfoil (a = O°). Calculated and experi 
mental boundary-layer profiles 


dicts separation slightly early, the piecewise method 
appreciably early. (b) The piecewise method is in 
ferior to Thwaites’ in the prediction of /, the local skin 
friction. However, the accuracy of either method is 
acceptable in the first half of the flow. 
wise method is slightly superior to Thwaites’ in the 


(c) The piece 


prediction of (6c) VR, and, in fact, is very precise 
as far aft as xc = 0.05. 

As shown by the £ curve, Fig. 6 represents an eleven 
step solution, a number more than sufficient to develop 
the full accuracy of the method. Fig. 7 provides clues 
about convergence for this same case using the quan- 
tities indicated as measures of accuracy. Since sepa- 
ration occurs at x c ~ 0.1065, the intervals shown, 0.10, 
0.05, 0.02, 0.01, 0.005, 0.002, represent solutions of 
approximately 1, 2, 5, 10, 20, and 50 steps, respec- 


tively. For this flow, even the one-step solution pre- 
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dicts (@ ©) V R, within 10 per cent of the correct valy 
The convergence is so rapid that five steps shoy] 
usually be sufficient unless the very best estimate 

separation is to be made, in which case a ten-step soly 
tion appears desirable. Yet, even a two-step predj 
tion of separation disagrees with the ten-step predictio, 


by only 5 per cent. 


The Flow over an NACA 0012 Airfoil 


Results are presented in Figs. 8 and 9. Sines 
exact solution is available, 
be compared with Thwaites’ method and 


data. Fig. S indicates the following: (a) The ty 


methods are in such good agreement that they appear 


more accurate than the measurements, as evidenc 


by the scatter in the experimental values of (6 c) VJ] 


(b) Again the present method predicts separation earlier 


than Thwaites’ method. The experimental locatior 


has never been measured, but it apparently lies in the 


range 0.55 < xc < 0.60. 


Fig. 9 compares experimental and calculated bound- 


ary-layer profiles. Observe again the large disagree 


ment between several of the measured and calculated 


V R., especially at x « 0.12. Ex 
perimental measurement of such profiles becomes very 
difficult because of the thinness of the boundary layer 


values of (0c 


Hence, since the test points indicate considerable ex- 


perimental scatter, a close check with the 
boundary-layer profiles can hardly be expected. 

In the forward portion of this airfoil, the fine agree 
Thwaites’ 


ment between 






——THWAITES’ METHOD ENR 14 
oTEST _— HARTREE 
B 
| ! a [ lO 
+ +6 
MEASURED 


SEPARATION 








Fic. 10 


iD i620 
“Jo 


Schubauer’s ellipse. 


the present method must 


the test 


measured 


method and the piecewise 








rect Valy, 
PS shoul 
Stimate 

Step soly 
ep predi 
predictio; 


since n 
hod must 
the tes 
The tw 
‘Y appear 
vidence 

Vi 
Mm earlier 
location 


es in the 


1 bound- 
lisagree 
ilculated 
12. Ex- 
nes very 
‘y layer 
able ex- 
ieasured 


> 20TeP- 
C agree 


lecewise 


ATREE 








RAPID LAMINAR BOUNDARY-LAYER CALCULATIONS 11 





— PRESENT METHOD 
— —THWAITES’METHOD 
© X TEST DATA 











x 
2 3 4 < 6 
— 
y/o) Re 
\d / 
Schubauer’s — ellipse Calculated and experimental 
boundary-layer profiles at x/« 1.457 


method indicates that calculations should be more ac- 
curate than measurement. Von Doenhoff’s report 
shows excellent agreement between experiment and the 
method of von Karman and Millikan.!* It is prob- 
able that this agreement was obtained by adjusting the 
thickness of the calculated profile to match experi- 
ment, for the interest was centered around the shape 
of the profile. Furthermore, the method of reference 
13 approximates a particular velocity distribution only 
ina very general way. 

Therefore Fig. 9 brings out the following additional 
features: (c) Except for thickness discrepancies, the 
piecewise method approximates the measured profiles 
rather well. (d) For the first two locations the 
[hwaites approximation is acceptable but not so good. 
Atx/c = 0.52, it is not acceptable. 


The Flow Past Schubauer’s Ellipse 


Results are presented in Figs. 10, 11, 12, and in Table 
Ill. Fortunately, this example has an exact solution 
computed by Hartree on a differential analyzer.! 
Experimental data again are available, but, as with 
von Doenhoff's test, there is considerable uncertainty 
ibout their accuracy. The measured values of (@ c) X 
V R, (our c corresponds to Schubauer’s L, etc.) shown 
in Fig. 10 strongly emphasize the difficult experimental 
problem. From Fig. 10 the following conclusions are 
evident: (a) Again the piecewise method predicts 
Separation somewhat early. (b) Thwaites’ method, 
however, fails to predict separation. (c) Both methods 
produce values of (@ c) V R, with substantially three 
place accuracy until well back in the region of de- 
celerating flow. Ahead of the pressure peak, the 
accuracy is too high to show differences graphically, 
and, for this reason, several selected values are listed 
in Table III. 

Further aft, where the accuracy is deteriorating, we 
present the profile at x c = 1.457 (Fig. 11). Fig. 


ras_e II] 

Accuracy C rl Si I: 

Har ce Th 1 P 
x " \ R f Vi] \ 
ft 27 ( 331 ye »Y q ) pe 
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raken f reference ¥ 

11 shows: (d) Both methods produce accurate bound 


1.457. e) The 
profile produced by the piecewise method is a slightly 
Still further aft, the accuracy 


ary-layer profiles as far aft as x ¢ 


better approximation. 
of the boundary-layer profiles computed by both 
methods deteriorates rapidly 

Fig. 12 presents results of a convergence study for 
this third case. Two indicators of the accuracy are 
used—the separation point and the value of (6 « 
V R, at x/c = 158. 
aration point rather well. The results show that, unless 


Even two steps indicate the sep 


the ultimate in accuracy is sought, nine steps are 
ample. In fact, four steps supply a better prediction 


of separation than eighteen. 


FINAL REMARKS 


One of the noticeable characteristics of the piecewise 
method is that separation is always predicted a trifle 
prematurely. This quality sometimes may be a draw- 
back, but sometimes it may be an advantage, for it 
ensures that one will never encounter the difficulty 
brought out by Schubauer’s experiment where sepa 
ration existed but Pohlhausen’s method said it did not. 
This quality of predicting separation early was shown 
in striking fashion by Pretsch.'* He derived the rela- 
tion between 6 and Pohlhausen’s \ when the entire 


flow is of the type LU’ = kx”. The relation is 








LENGTH OFS 
Fic. 12. Schubauer’s ellipse Effect of length of step on 
the computed values of the separation point and of @/cy R- at 
r/c = 18 
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m = - =-—.+ 


10.08 A? — 161.28 AX + 2419.2 


(23) 
0.6 A* + 36 A? — 1123.2 A + 7257.6 
When 6 = —0.1988, corresponding to incipient sepa- 


ration, \ is approximately equal to —S—that is, accord- 
ing to the Pohlhausen method, separation is not ready 
to occur since 4 must reach —12 for such occurrence. 


At the other extreme, however, the correspondence is 


good, for Eq. (23) indicates that when A = +12, 8 = 
+2, 


This latter relation brings up another feature: 
sometimes the Pohlhausen method breaks down be- 
cause it is entirely possible for \ = (6?/v) dU/dx to 
+12. Under the same circumstances, the 
piecewise method would also break down. The diffi- 
culty has been encountered several times with erratic 


exceed 


pressure distributions where some local irregularity 
caused dU/dx to be excessively great. In practice, 
such a ‘‘bump”’ in the plot of velocity distribution will 
not extend far. 
difficulty is to take a longer step in order to reduce 


dl’/dx. Another is to continue the step as if 8 = 2, 
for no great error in (6/c) VR, will be introduced. Of 


Then, one means of avoiding the 


course, if the interest is in this particular region, the 
present method is inadequate, and some finite-differ- 
ence method probably must be used. Thwaites’ 
method shows no obvious breakdown, but it also is 
likely to prove inadequate, for such special flows are 
outside the range of approximation in which the quadra- 
ture formula has been found to be valid. 
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The Effect of Heating and Cooling on the 
Stability of the Boundary-Laver Flow of a 


Liquid over a Curved Surface’ 


R. C. DI PRIMA? anp D. W. DUNN? 


Massachusetts Institute of Technology 


SUMMARY 
The theory of the three-dimensional instability of laminar 
wundary layers over curved concave surfaces is extended to 
include the effects of heat transfer. Results of numerical 


calculations for the boundary-layer flow of water indicate that 
eating and cooling of the wall have only a small influence on 
this type of instability compared to their effect on the usual 
two-dimensional instability 


(1) INTRODUCTION 


te STABILITY of the isothermal laminar boundary 
layer over curved surfaces was first considered 
by Gortler.' He found that, for concave curvature, 
instability occurs with respect to a class of three- 
dimensional disturbances corresponding to vortices 
with axes parallel to the principal flow direction. He 
also obtained the important result that this type of 
instability, in contrast to that for the two-dimensional 
Tollmien-Schlichting waves, is relatively insensitive 
to the shape of the basic velocity profile —i.e., to free- 


stream pressure gradient—when the relevant param- 


eters are expressed in terms of boundary-layer 
momentum thickness. Later work on the same 
problem by other authors? has been concerned 


mainly with the procedure for solving the eigenvalue 
problem. 

In the present investigation the theory is extended to 
the case of a heated or cooled wall. For simplicity, 
the results are restricted to liquids, so that viscous 
dissipation and variations in density can be neglected. 
Detailed numerical calculations for the boundary- 
layer flow of water over a curved wall show that, 
just as for pressure gradient, the influence of heating 
and cooling is also small, at least for liquids, in spite 
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of the effects of temperature disturbances and large 
variations in basic flow temperature and viscosity. 
(2) FORMULATION OF Basic EQUATIONS FOR THE 
DISTURBED FLow 


Consider the boundary-layer flow over a curved 
cylindrical surface with radius of curvature r(x), taken 
Let 
x, y, 2 be orthogonal curvilinear coordinates, where x 


as positive for the concave side of the surface. 


is the distance along the arc length of the surface, y 
the normal] distance from the surface, and z the distance 
in a direction normal to these. 

Now consider the complete Navier-Stokes equations 
Ps Ps 
7 (the three velocity components, pressure, density, 
In the usual manner 


in these coordinates for the quantities u, v, w, 


and temperature, respectively). 
of the theory of hydrodynamic stability, divide each 
such quantity g(x, y, 2, 4) into a steady part g and a 


time-dependent disturbance gq’ as follows: 


q(x, y, 2, t) = g(x,y) + q'(x, y, &, t) (2.1) 


Both the quantities g and gq are to satisfy the complete 
equations. Linearized equations for the disturbances 
q’ are found in the usual way by neglecting all terms 
quadratic in the disturbances. 

The equations for the basic steady flow, correspond- 
ing to the quanties g, may be reduced to the standard 
boundary-layer equations after applying the approxi- 
mations appropriate to the boundary-layer flow of a 
liquid —e.g., see reference 6. In the present problem, 
the neglect of density variations is found to be justified, 
but variations of viscosity and thermal conductivity 
are appreciable and so must be considered. 

The complete linearized disturbance equations are 
very lengthy in the coordinates used here. A careful 
examination of them, however, shows that, with the 
use of approximations analogous to those used in 
previous investigations," > *° they can be reduced 


to the following simplified equations :** 


pl(Ou’/Ot) + (u0u'/Ox) + v'(On/Oy)|] = —(Op’/Ox) + 
pAu’ + (Opf/dy)(Ou’/Oy) + w'(O*u/Oy") + 
(Ou’/Oy) (Ou /Oy) 


99 


(S.a) 


** Smith’ retains additional terms in the corresponding equa- 


tions for the isothermal case 
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p[(Ov’/Ot) + u(Ov’/Ox) + 2(au'/r) | —(Op’/dy) + 


pAv’ + 2(0f/dy)(Ov’/Ov) + (Ou’/Oxv)(On/Oy) = (2.3) 
p[(Ow’/Ot) + n(Ow’/Ox) | - (Op’/Oz) + fAw’ + 

(O@/Oy)[(Ov’/Oz) + (Ow’/Ov)| (2.4 

(Ou’/Ox) + (Ov’/Oy) + (Ow’/Odz) 0 (2:5) 
c,p[(O7"/Ot) + u(07"/Ox) + v’(OT/Oy) | = RAT’ + 

(Ok/Oy)(OT’/Oy) + k'(0°T/dy*) 4 
(Ok’/Oy)(OT/dOy) (2.6 
Here A = (02/dx?) + (02/dy?) + (02/02%,) and c,, u, 


and k are the specific heat at constant pressure, the 


viscosity, and the thermal conductivity, respectively. 


The quantities c,, u, and & are in general functions of 


T for a given liquid at a given pressure p. The varia- 
tion of c, is neglected here, since it is very small in the 
cases considered. 

The neglect of terms involving the curvature in these 
equations causes relative errors of which the largest 
are of order 6/r, where 6 is the boundary-layer thick- 
There are similar errors in the boundary-layer 
Normally these are 


ness. 
equations for the basic flow. 
very small. Also, just as for the basic flow, terms are 
neglected that arise from variations in density or that 
are associated with viscous dissipation and pressure 
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effects in the energy equation. These have beg 


estimated and found to be very small also under normal 


conditions. 
The most important approximation in the equation: 
is that of a nearly-parallel flow, according to which thy 


x-dependence of the basic flow quantities is neglecte 


as well as the @ component of the basic velocity. This 


is one of the standard approximations of the theor 


of boundary-layer stability, and is usually justified 
by noting that @ < m# and Og/Ox < 0g/Oy for 


boundary layer. 

The boundary conditions on the disturbances ar 
that 1’ y’ w’ | 
The vanishing of the temperature disturbance on th 


Q for y QO andy—> 
solid boundary (even in the steady case of neutral 
stability) is a consequence of the rapid spatial oscilla 
tion of the disturbances in the cases of interest in this 
problem. It can be demonstrated by considerations 
analogous to those in references 7 and 8. 


(3) EQUATIONS FOR THE AMPLITUDE FUNCTIONS FoR 
PERIODIC DISTURBANCES 

We now introduce nondimensional variables and the 

particular class of disturbances appropriate to this 


problem* as follows: 


u+u’ U,,; U + u(n) cos az exp(@?); 

y = (0, R)} v(n) COS az exp(8t) } 

w’ Uy, w(n) sin az exp(Bt); 
p+ p’ pil} P + p(n) cos az exp(Br)} ea 
i + 7" (Ti — 7 ){O + Om) cos az exp(Bt)} 
a+ yp’ M1} + (du/d0)T’/(T, — To) 
k + k’ kilk + (dk d0)T’'/(T, — 7)! 


n y é, R 


U6/v, a 


The subscripts 0 and | refer to wall and free-stream 
the 
are evaluated at the local value of x. 


values, respectively. All reference quantities 


It is to be noted that in order to have disturbances 
of this special form the neglect of the .-dependence of 
the coefficients in Eqs. (2.2) to (2.6) is again required. 

The final equations for the disturbance amplitude 
functions u, v, w, p, @ may be reduced to the following, 
after elimination of p and w: 


d ( =] : d (= du 0) / O/ 0 
— Ou + — oO = v 
dn ¥ dn iad dn \ On dO On 


d° ( =) at d ( dv 4 ( rc ) 7 
dn? Y dy? si dn Hy) hills On?) 

5 d*y 

Sa’vuu — o( _ ae) 0 (3.3) 
dn* 
d ( =) i (z fo] 8) ) 
k — a*kp + @ — 

dn dn dn \dO0 On 


fale) 
oO} v + b0 QO (3.4) 
On 


ad, b B67/ Vv), p p} 


where o; 
ture 7; and S$ 


CpMi/ky is the Prandtl Number at tempera 
2R76/r. 


The boundary conditions are 


iu v dv dn 6 O (3:3 


for n 0 and y7—> ~. 


As pointed out the 


approximation in all this work is the assumption of a 


previously, most important 


nearly-parallel basic flow. There are indications that, 
although this approximation is probably accurate for 
large values of a or b, it may not be as satisfactory for 
small values. Hence, there is expected to be some 
inaccuracy in the determination of the curve of neutral 
stability, for example, for small values of a.j How 
* Disturbances which amplify in x rather than ¢ may be mor 
significant physically. In this case exp (St) should be replaced 
by exp (8x) in Eqs. (3.1) (a further refinement being suggested 
by Smith*). same in 


either formulation 


The results for neutral stability are the 


{ For the isothermal boundary layer, the discrepancy betwee! 
the neutral curves of Goértler! and Himmerlin® for small @ !s 
due to the failure of Gértler’s numerical procedure in this case, 
Both authors use 


the equations corresponding to the approximation of a nearly 


and not to the difficulty mentioned above 


parallel flow 
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ever, since We are interested in only a rough estimate 
of the effect of heating and cooling, the simplified 
equations for a nearly-parallel flow are adequate for 
present purposes. 

~ 4 more complete derivation of the basic equations 
of this theory and a detailed analysis of the various 
approximations involved will be presented in a future 
paper 

EIGENVALUE PROBLEM 


1) SOLUTION OF THE 


Henceforth we consider just the case of neutral 


stability —i.e., 0 () for which the eigenvalue S is 
ifunction of a only. In the solution of the eigenvalue 
problem, it 1s convenient to use the Galerkin method. 
\ general discussion of this is given in reference 9, 
and applications to problems in hydrodynamic stability 
ire described in references 3 and 4. The method may 
be expected to give good results in stability problems 
of the present type where there is no inner critical layer 
through which the eigenfunction varies rapidly. 

The three differential equations of this problem 
W(v) + N,(0) 0, a l, 


sie > - 


ire of the form L(t) t 
) 3, where L,, 
If u, v, 8 are each expanded in terms of 


set of functions as follows: 


V, are linear differential operators. 


oe -"a@ 


a complete 


i > ay 7 > bw 6 > ee (4.1) 
| 1 1 
where each of the functions u,;, v;, 6; satisfies the 


boundary conditions (3.5), then formal application of 
the Galerkin method leads to the following equations 
for the determination of the constants a,, b,, « 


ya) 


» a uj,L4(u;)dn + b } uj, \1,(v,)dn 4 


( u N60 dn Q (4.2) 


ee me 2 


obtained from the second and third differential equa- 


with 7 , plus two similar sets of equations 


tions with v, and @;, respectively, in place of u;. Thus, 
if each of uw, v, and @ is approximated by m terms in 
its series expansion, we obtain an eigenvalue determi- 
nant of order 3n, which, when set equal to zero, de- 
termines S(q). 

For the functions ,, v;, 6; it is convenient to take* 


1 i. - 
u ( (l — CJ} l iS , ), | 
u c1 — 9)" i l 2, 4, 6, ; (4.3) 
(1 — f)u;, A (1 — o)u \ 
where ¢ 1 — exp(—7n). In an eigenvalue problem 


of the present type, great care is required in making 
i finite selection from the functions u,, v,, 0; to give a 
good approximation to the eigenfunction with a finite 
number of terms, since the characteristic length scale 
of the eigenfunction depends on the parameter a. In 


and 6; 


nd 1 . . ° ° . 
independent, it is useful to list them all in order to have a wider 


8 ; ; ; 
Although the functions u; (and thus 2 are not linearly 


fection for an approximation involving a finite number of 


terms 
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fact, a study of the analytical behavior of the solutions 


of Eqs. (3.2) to (3.4) shows that in general u, v, and 6 
fall away to zero for yn = O(1/a) when b = 0. 

In the present work, we use two-term approximations 
involving u;, v;, 0; for 7 1 and 7,7 and take 6 6d 


the momentum thickness) as a convenient 


length of the order of the boundary-layer 


(} being 


reference 


thickness. Consideration of the behavior of the 
eigenfunction (u#, v, 6) mentioned above shows that 


this combination of the functions u,, v;, 8; should give 
satisfactory results in the range of values of a of 
order unity. Such values, which correspond to wave 
lengths of the order of the boundary-layer thickness, 
are expected to be of most interest physically. 

It should be pointed out, of course, that this ap 
proximate calculation procedure is likely to fail for 
small wave numbers just as Gortler’s did for the iso- 
thermal case.! However, in the region of interest 
the results should be sufficiently accurate to give the 
More 


such 


magnitude of the effects of heating and cooling. 


over, Hammerlin’s accurate neutral curve’ for 
values of a in the isothermal case is still not too different 
from that obtained by Gortler or the present authors. 

Numerical calculations of the stability characteristics 
have been carried out for the boundary-layer flow of 
water with zero free-stream pressure gradient in three 
(a) heated wall with 7; 60°C... 7; i... 
1O'C., T3 60°C., and (c 


For a liquid, the last case is essentially 


cases 
(b) cooled wall with 7; 
insulated wall. 
the isothermal boundary layer with Blasius velocity 


7 Any other combination not too different from this should 
give equally satisfactory results 
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distribution’ considered by Gortler. For the heated 
and cooled walls, the distributions of velocity, tempera- 
ture, viscosity, and thermal conductivity in the bound 
ary layer were obtained from exact numerical computa- 
tions carried out by MelIntosh.'! For convenience, 
the exact distributions were approximated in all cases 
by means of polynomials in the variable ¢. The 
results of the calculations are shown in Fig. 1. 


(5) DISCUSSION OF RESULTS AND CONCLUDING 
REMARKS 


The neutral curve for the isothermal case in Fig. 1 
agrees Closely with that obtained by G6ortler using a 
different method of calculation. The curves for the 
other two cases indicate that heating stabilizes the 
boundary layer while cooling destabilizes it. How- 
ever, the effects are relatively small, considering the 
strong temperature dependence of the viscosity and 
the corresponding large variations in the viscosity 
across the boundary layer. That is, even though the 
temperature change of 50° is a small amount on the 
absolute scale the viscosity is changed by a factor of 
3 (in our case, wo/m1 = 0.358 for heating and wo/m = 
2.79 for cooling). Even with the use of more accurate 
equations and a more accurate calculation procedure 
for small wave numbers (see reference 5), these con- 
clusions are expected to remain the same. 

The present results are in marked contrast to those 
for the two-dimensional Tollmien-Schlichting type of 
instability, which is extremely sensitive to heating and 
cooling. In fact, McIntosh! calculated the minimum 
critical Reynolds Number for this type of instability 
in the two cases considered here, and found that 
heating increased it and cooling decreased it* from 
the isothermal value!” by factors of the order of ten. 

The strong dependence of this two-dimensional 
type of instability on the wall temperature is ultimately 
due to the presence of an inner critical layer through 
which the eigenfunction varies rapidly. The results 
thus depend critically on the /ocal properties of the 
basic-flow velocity, temperature, and viscosity dis- 
tributions (especially on 0°7%/Oy’, for example), which 
are very sensitive to the wall temperature. For the 
three-dimensional type of instability considered here, 
however, there is no inner critical layer and the centrif- 


* The effects for a liquid are opposite to those for a gas because 
of the opposite variation of viscosity with temperature. 


AL SCIENCES 


OCTOBER, 1956 


ugal force is the controlling factor. Hence, the 
results depend only on the overall properties of thes; 
basic-flow distributions, such as the average velocity 
gradient U/6, which are much less influenced by the 
wall temperature. The relative importance of the 
wall temperature in the two types of instability jg 
therefore similar to that of the free-stream pressur 
gradient, as discussed by Gé6rtler.! 

The present conclusion, that heating and cooling 
have only a slight influence on the three-dimensiona] 
instability of boundary layers over curved surfaces 
for a liquid, is likely also true for a gas at low Mach 
Numbers and rates of heat transfer, when density 
variations are negligible. It may not be true, however, 
in other circumstances, since the disturbance equations 
for a gas, with density variations included, are con 
siderably more complicated than the present ones 
even after all possible simplifications are made. 
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The Dynamic Response of a Large Airplane 
to Continuous Random Atmospheric 
Disturbances 


FRANKLIN W. DIEDERICH* 
Langley Aeronautical Laboratory, NACA 


SUMMAR\ 


The statistical approach to the gust-loads problem, which 


consists in considering flight thiough turbulent air to be a sta- 
tionary random process, is extended by including the effect of 
instantaneous intensity on the 


iteral variations of the gust 


erodynamic forees and on the resultant motions and stresses of 
rigid and flexible 
f normal and rolling accelerations, as well as of the root bending 


iirplanes. By means of some calculations 


moment, it is shown that these effects may be significant for 


irge airplanes 


SYMBOLS 


aspect ratio 


span 
Bll root bending moment 

average chord, S/b 
C(k Pheodorsen’s unsteady lift function 
C(k generalized Theodorsen function 
Ci, wing lift-curve slope 
( coefficient of damping in roll 


section loading coefficient 
El bending stiffness 

acceleration due to gray it \ 
hit response to unit impulsive gust or other input 
h(t, 9 response influence function 
H(« complex amplitude of response to sinusoidal 
gust or other input of unit amplitude, Fourier 


transform of h(t 


H(w, y complex amplitude of response influence function, 
Fourier transform of h(t, y) with respect to ¢ 

Hw, autoconvolution function for H(w, y 

H w, Fourier transform of //(w, y) with respect to y 

| mass moment of inertia about the roll axis 

Bessel function of the first kind, order 1 

k reduced frequency, w7/2l 

R dimensionless frequency, wl */U 

Ky, A modified Bessel functions of the second kind 


lift per unit span 
L lift 
L rolling moment 


generalized lift associated with first free-free 
bending mode 
L scale of turbulence 
mass per unit span 
V airplane mass 
VW wing mass 
generalized mass associated with the first free 
free bending mode 
Presented at the Aeroelasticity Session, Twenty-Third Annual 


Meeting, IAS, New York, January 24-27, 1955 
* Head, Dynamic Loads Analysis Section 
The author wishes to acknowledge the assistance furnished by 
Messrs. Kermit G. Pratt, Robert T. Yntema, Floyd V. Bennett, 
; Eggleston of Langley Aeronautical Laboratory, 


NACA in performing the calculations described herein 


\ number of peaks per unit time above a given level 
An = load-factor increment 
p = rate of roll 


gq dynamic pressure 


5 wing irea 
time 
l flving speed 


vertical component of gust velocit) 


\ longitudinal displacement 


y lateral displacement 

y* dimensionless lateral displacement, y/(b/2 
i lateral ordinate of center of pressur¢ 

y lateral ordinate of center of wing mass 


normal displacement 
normal displacement of nodal point 
displacement for the first 


generalized normal 


free-free bending mode 


dimensionless normal displacement, ¢/2 
a local angle of attack 
y spanwise distribution of the influence function 
h(t, y 
yily lift influence function, [¢c:/€Cr Ja=1 
ro (y rolling moment influence function, 
leta/ll Ce ens 
I(r autoconvolution of 7(y 
n lateral space displacement, Ay 
n* dimensionless lateral space displacement, 
U1] D 2 
ri mode shape of first free-free bending mod 
K = airplane mass parameter, 8.17/C,ap.Si 
kK airplane rolling-inertia parameter, 8/ ( ps 
p air density 
o stress 
T time displacement, A/ 
y one-dimensional correlation function 
J two-dimensional correlation function 
¢ one-dimensional power spectrum 
¢ two-dimensional power spectrum 
F4 double Fourier transform of J 
it. double Fourier transform of ¥ for axisymmetric 
case 
re) Sears’ unsteady lift function for gust penetration 
w frequency 


INTRODUCTION 


6 ters LOCAL AIR velocity fluctuations sensed by an 
airplane flying through atmospheric turbulence 
are functions of time defined in only a statistical sense 
that is, they constitute a stochastic or random process 
Consequently, the responses of the airplane, such as 
the motions or stresses, can also be known as functions 
of time in only a statistical sense. 

The problem of relating the statistical character 
istics of the input of a dynamic system to those of the 
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output gives rise to the relatively new field of statistical 







DIMENSIONAL 


(Some of the fundamental papers in this NE 
GUST 


dynamics. 
field are compiled in reference |.) The techniques of 
this field, in particular those related to the generalized 
harmonic analysis of stationary random processes, have 
been applied to the gust-loads problem and _ related 





problems in aeronautics in recent years to an ever 


increasing extent. 
In these analyses the assumption has been made that 


the variation of the instantaneous gust intensity along 


the span can be disregarded. The type of gust struc 


ture envisioned in this approach is thus, in effect, the 
one shown in the upper part of Fig. 1, which will be 
referred to hereafter as the one-dimensional gust. 
The purpose of this paper is to take into account the 
variation along the span and to treat the more realistic 
gust structure represented in the /ower part of Fig. 1, 
which will be referred to as the two-dimensional gust. 

Thus, the problem is essentially one of determining 


the response of a linear system—namely, the airplane 
to a multidimensional stationary random process 
namely, atmospheric turbulence. 


of linearity and stationarity have been made in refer 


ences 2 to 6 and are valid for many practical purposes 


connected with the gust-loads problem.) The some- 
what similar problem of a finite-length correction for a 
hot-wire anemometer has been treated in references 7 


and 8; some phases of the present problem have been 


considered in reference 9; and a fairly extensive analysis 


of the problem is given in reference 10, which forms the 
basis of the present paper. 

The solution to the problem will be outlined briefly 
in the following, and the results of some calculations 
of the accelerations and bending moments in continu 
ous random turbulence will then be presented in an 
effort to indicate the possible magnitude of the effects 
under consideration. The derivation of the solution 
presented here and some of the details of the calcula- 


tions are given in the Appendixes. 


THE Basic RELATIONS BETWEEN THE INPUT AND 
OUTPUT OF A SYSTEM SUBJECTED TO A RANDOM INPUT 


Summary of the Relations Appropriate to a 

One-Dimensional Gust Structure 

Before discussing the analysis of the loads and mo- 
tiors corresponding to a two-dimensional random gust 
structure, a brief outline of the analysis for a one 
dimensional random gust structure may be in order. 

The bridges which link the statistical characteristics 
of the input and the output of a dynamic system sub 
jected to a stationary random input are certain rela 
tions between the correlation functions or the power 
spectra of the input and output, respectively. For the 
present case the input is the gust intensity w, and its 


correlation function is defined by 


V,( Ax) w(x)wiy + Ar (1 


where the bar designates a time average. The corre- 
lation function is a statistical characteristic which is a 


(The assumptions 





Fic. 1 Once- and two-dimensional gusts 


measure of the extent to which the value of one random 
variable, in this case w(x + Avy), can be predicted 
from a knowledge of that of another random variable. 
in this case w(x); it contains the mean square value of 


the quantity of interest, inasmuch as 


and contains certain additional information. For in 
stance, the mean square value of the derivative of w is 


given by 


(dw dx)? } [d? d(Ax)?] Ye(Ax)far-0 (8 


A possibly even more useful statistical characteristic 
is the Fourier transform of the correlation function 


namely, 


(The flying speed lL’ is introduced here because the 
airplane senses the turbulent excitation fundamentally 
as a function of time, whereas the statistical character 
istics of turbulence of interest here are functions pri- 
marily of space displacements. These space dis 
placements have to be identified with equivalent time 
displacements in calculating the response of the air- 
plane.) The function ¢,(w) is referred to as the power 
spectrum of w. It represents the part of the mean 
square value associated with various frequencies. In 
other words, if the random process w were passed 
through a filter which permitted only frequencies 
within a band of unit width about the frequency w to 
pass, the mean square value of the filtered process 
would be ¢,(w). Thus, the information it contains 
includes the mean square value of the process, 


w- = Cie (@W dw 5) 
0 


as well as the mean square value of the time derivative 
of the process, 


ree = Cy\@) WwW da 0 
0 


The correlation function and power spectrum of the 
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say the load factor increment An—are defined 


output 
in a similar manner. The input-output relation for 
stationary random processes then becomes in_ this 
case 

Cano IT ,,° (w “ Cu\@ 7 


where //,,,(w) 1s the transfer function of the system, 
which represents the complex amplitude of the load 
factor response of the airplane to sinusoidal gusts of 
unit amplitude and of wave length 27U’ ‘w. 

From the power spectrum of the output such sta 
tistical quantities as the mean square value and the 
mean square derivative can then be obtained directly 
by the equivalent of Eqs. (5) and (6). From these 
quantities, in turn, other statistical characteristics of 
interest can be obtained on the basis of certain assump- 
tions. For instance, if the probability distribution 
of the process is Gaussian, the expected number .V 
of peaks in the load factor exceeding a given level An 
per unit time can be obtained from Rice's asymptotic 
expression given in reference 1—namely, 


V 1 29) V An?/An? e~ 1/2) Kania S 


valid for An > 2¥ An®. This expression, which also 
furnishes an estimate of the expected time | .V re 
quired to encounter a peak load factor increment equal 
to or greater than An, is shown plotted in Fig. 2. The 
ratio © An? Y An? has the dimensions of a frequency 
ind can be considered to be a representative or pre- 
dominant frequency of the time history of Av. If the 
transfer function has the characteristics of a narrow 
band-pass filter, which may be the case if the airplane 
ison the verge of an instability condition (due to loss 
of aerodynamic damping or aeroelastic action), this 
representative frequency is the frequency a) at which 


the airplane or wing tends to oscillate. 


The Input-Output Relation for a Two-Dimensional Gust 
Structure 
For the two-dimensional gust, the progression from 
input to output is fundamentally the same. How- 
ever, some of the concepts referred to in the preceding 
paragraphs have to be generalized. A two-dimensional 
correlation function for the input can be defined as 


Ax, Ay) = w(x, y) w(x + Ax, y + Ay (9) 


his correlation function relates the gust velocities at 
points x, vy and x + Ax, y + Ay. 
value should be independent of the orientation of the 
two points relative to each other and depend only on 


In most cases its 


the distance between them, so that an airplane flying 
from east to west senses the same gust variation, in a 
Statistical sense, as an airplane flying north to south, 
or in any other direction. In this case, the two-dimen- 
sional correlation function can readily be expressed in 


terms of the one-dimensional function, 


Ax, Ay) = Pu(V Ax? + Ay?) (10) 


- 


This property of the turbulence is referred to as axi 
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symmetry (with respect to a vertical axis) and repre 
sents a less restrictive assumption than that of iso 
tropy, which is usually assumed in studies of turbu 
lence. In the following, the turbulence under con 
sideration will be assumed to have this property. 

A two-dimensional spectrum may then be 


defined as the Fourier transform with respect to Aa 


power 
of the two-dimensional correlation function, 
: ax /I {Ax 

Pul(w, Ay oo V( Ax, Ay) d \ 1] 


an input-output expression which re 
output, say, the 


In deriving 
lates the power spectrum of some 
stress o at some point in the wing, to this two-dimen 
sional input spectrum, a convenient starting point is 
the superposition integral which relates the instan 
taneous value of the output to the past history of the 


input at various stations on the wing, 


al 


h(t, v) w(t hh, vy) dy dt, 2 
The required response function /:(/, y) is actually an 
influence function, which defines the influence of the 
gust intensity at a station y and a time / on the output 
This function represents the response, say the stress 
o, to a very narrow impulsive gust which at time ¢ = 0 
impinges on the wing at station y. In principle, such 
a response function could be calculated if the indicial 
pressure or lift distribution on the wing were known for 
impulsive gusts impinging on the wing over a very 
For a given location y of gust impinge 
a lift-distribution func 


narrow front. 
ment and a given time /¢, such 
tion would tend to look similar to the one indicated 
by cross hatching in the upper part of Fig. 3. The 
desired influence function /(f, y) could then be ob 
tained by calculating the integrals and moments and, 
hence, the stresses associated with this lift distribution 


for each value of fand y. For a stress which is propor 
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Influence functions for two-dimensional gust. 


FIG. 3 


tional to the total lift or vertical shear, such a function 
is shown at the right in the upper part of Fig. 3. 

For practical purposes, this direct approach suffers 
from the fact that the required indicial pressure- and 
lift-distribution functions are very difficult to calcu- 
late. 
functions and, hence, the desired function /(f, y) can 


However, the integrals and moments of these 


be identified with relatively easily calculated lift dis 
tributions on the same wing in reverse flow by means 
of the reciprocity theorem of linearized lifting-surface 
theory.!! 

The Fourier transform //(w, y) of h(t, y) represents 
the complex amplitude of the response to sinusoidal 
gusts of unit amplitude and with wave length 27l’ w 
impinging on the wing at station y, as indicated in the 
lower part of Fig. 3. The direct calculation of this 
function again requires a knowledge of pressure or lift 
distributions due to very narrow sinusoidal gusts, 
which are very difficult to calculate, and, for a given 
y and w, would look like the one indicated by cross- 
hatching. But again, the required integrals and 
moments can be identified with certain lift distributions 
on the wing in reverse flow. The specific nature of 
these lift distributions for the various cases considered 
here is indicated in Appendix B. 

In terms of the two-dimensional input spectrum 
%»(w, Ay) and the influence function //,“(w, y), the 
output spectrum can then be expressed as follows: 


b/2 eh/2 
Yg(w) = | 
« b/2)e b/2) 


where the asterisk designates that the complex con 


H,” (w, ye) [FT,"(w, v1) |* X 


w(W, Vo — Vi) dyidy. (13) 


G 


jugate of //,"(w, y,) is to be taken. This expression 
then represents the input-output relation for the two 
dimensional gust, analogous to Eq. (7) for the one 
dimensional gust. 

Once the power spectrum of o has been obtained in 
this manner, the mean square value and the value of 
the mean square derivative are obtained by integra- 
tion [see Eqs. (5) and (6)], and other statistical char- 
acteristics, such as the expected number of peaks, can 
then be calculated from these values, as before. 
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RESULTS OF CALCULATIONS 


Spectrum of the Lift Due Directly to Turbulence 


One of the basic quantities in any calculation of th; 
dynamic response of an airplane to turbulence is th 
lift produced directly by the turbulence. In order t¢ 
indicate how this lift is affected by the averaging 
effect of the span, the spectrum ¢,,(w)—in dimension 
less form—of the gust velocity averaged over the 
span (with a weighting factor which depends on th 
lift-producing capabilities of the various stations along 
the span, and which is here taken as unity) is shown in 
Fig. 4. The abscissa is a reduced frequency and the 
parameter a dimensionless span, both of which contain a 
length L* which will be referred to as the scale of 
turbulence. The scale of turbulence is here defined as 
twice the integral of the function y,,.(Ax) divided by w 


that 1s, 


i tax) 
2 } vs d( An 14 
0 





or L* = rU[¢,(0)/w?] 15) 


Intuitively, it may be thought of as a distance such 
that the instantaneous gust velocities at points sep- | 
arated by less than that amount tend to be similar, 
whereas those at points separated by a greater amount 
tend to be substantially independent of each other ina 
statistical sense. 

The correlation function yW,(Ax) to which these cal 
culations pertain is indicated at the right of Fig. 4; 
this correlation function is a simple analytical expres 
sion suggested by measurements of turbulence in wind 
tunnels; it agrees fairly well with the available knowl- 
edge of the correlation function of atmospheric turbu- 
lence*° and has been used previously for gust-loads 
calculations in reference 4+. On the basis of the avail 
able knowledge the scale of atmospheric turbulence 
appears to be in the order of at least several hundred | 
feet, although near the ground it may be somewhat 
smaller. 

When the span is very small, there is no averaging 
effect, and ¢,,(w), the spectrum of the averaged gust 
intensity, becomes ¢,(w), the spectrum of the un 


averaged gust intensity. This function is the one 
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Fic. 4. Averaged gust spectrum. 
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MASS PARAMETER, x 
Fic. 5. Effect of airplane mass on normal acceleration 
shown for ) L* = O. As the increases, the 
averaging effect becomes more and more pronounced 


span 


and serves to attenuate the spectrum at all frequencies, 
but particularly at high frequencies, as may be ex- 
pected since the tendency for gusts of very short wave 
lengths (or high frequencies) to cancel each other is 
much greater than that of gusts of larger wave lengths. 

The spectrum of the lift is obtained essentially by 
multiplying the spectrum for the averaged gust ve- 
the absolute square of the unsteady lift 
function for gust penetration (the Sears 
function in the case of two-dimensional incompressible 
flow), and the mean square of the lift is then obtained 
Inasmuch as this 


locity by 
so-called 


by integrating the lift spectrum. 
unsteady lift function is unaffected by the averaging 
process, the effects of averaging on ¢,,(w) are reflected in 
similar effects on the lift spectrum and, hence, on the 


mean square lift. 
Mean Square Normal Load Factor Increment 


In calculating the loads produced by the lift discussed 
in the preceding section, the motions of the airplane 
must be taken into account. Before considering the 
averaging effects of the span on these loads, however, 
a brief discussion of some results obtained for the one- 
dimensional gust case may be in order. 

If the airplane is considered to be subjected to con- 
tinuous random turbulence with the spectrum ¢,.(w) 
given by the curve for b)/L* = 0 in Fig. 4, and if the 
airplane is permitted to move vertically only, the mean 
square load factor can be calculated readily. Some 
typical results are presented in Fig. 5. The ordinate 
is the ratio of the root mean square load factor calcu- 
lated in this manner to the root mean square load factor 
given by the sharp-edged gust formula and, thus, rep- 
alleviation factor for the value obtained 
from this formula; the abscissa is an airplane mass 


resents an 


parameter 
K=S1M Cr pseé 


The results indicate, as may be expected, that the sharp 
edged gust formula which, in effect, disregards the mo- 
tions of the airplane and unsteady-lift effects, is most 
accurate for large values of the mass parameter, which 
imply small motions on the part of the airplane. Also, 
the alleviation factor and, hence, the mean square load 


OF 
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factor are seen to depend on the ratio of the scale of 
turbulence to the mean chord. 

Now if a two-dimensional gust input is to be used, 
the result will depend on the ratio of the span to the 
scale of turbulence, as was the case in Fig. 4, as well 
as on the ratio of the mean chord to the scale of turbu- 
given 


lence, as in the case in Fig. 5. However, for a 


airplane these two ratios are not independent, since 
the ratio of the span to the average chord is fixed 


Therefore, it was felt that, for a realistic appraisal of 
the averaging effect of the span, the two ratios should 
be varied simultaneously in such a way as to maintain 
a fixed airplane geometry. 

The results of such an analysis are indicated in Fig. 
6, where the ordinate is the ratio of the mean square 
load factor obtained from an analysis using a two 


dimensional gust structure to the value obtained 
for a one-dimensional gust for a given value of x 
namely, 100. The abscissa is the span ratio } L*. 


Curves are shown for three aspect ratios. The value of 
the ratio of the scale of turbulence to one-half of the 
average chord can be determined for each point on the 


curves from the relation 


The results presented in Fig. 6 indicate that, if the 
variation of gust intensity along the span is taken into 
account, the mean square normal load factor is reduced 
by an amount which depends on the aspect ratio of the 
wing and the ratio of the span to the scale of turbu 
lence. For wings of high aspect ratio and spans of 
the order of one-quarter or more of the scale of tur 
bulence, this reduction appears to be quite substantial. 
However, as will be indicated presently, the results 
presented in this Figure do not imply that the stresses 


are necessarily lower. 


Mean Square Rolling Acceleration 

Fig. 7 pertains to a problem which can be analyzed 
only by taking into account the spanwise variation of 
gust intensity—namely, the problem of rolling response 
to vertical gusts 
same along the span there is no tendency to roll. 


because if the gust intensity is the 
The 


mean square rolling acceleration has been calculated 
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Fic. 7. Effect of span on rolling acceleration 


for one value of a rolling moment of inertia parameter 


analogous to the mass parameter—4.e., 


kr = SI,/(—C),) pS°b 


lp 
which has a value of 25.75 for the calculations repre- 
sented in Fig. 7 and for several values of the chord and 
span ratios. 

As may be expected, as the span goes to zero, so 
does the effect of variations in gust intensity along the 
span and, hence, the tendency to roll. (If the span 
were much larger than the scale of turbulence, and, 
therefore, beyond the range of practical interest in 
connection with the gust-loads problem, the local values 
of the gust intensity along the span would tend to 
cancel each other and again produce no tendency to 
roll, although the curves are not shown here for suffi- 
ciently large values of the span ratio to demonstrate 
this point.) 

In considering these results the fact that the air- 
plane also rolls due to side gusts acting on the vertical 
tail should be kept in mind. Some estimates indicate 
that for large airplanes the effect considered here is 
likely to predominate. In any event, the two con- 
tributions to the rolling motion are statistically inde- 
pendent if the turbulence is isotropic, so that the 
spectra can be added directly to obtain the spectrum 
of the total rolling acceleration. 


Mean Square Root Bending Moment of a Rigid Wing 


In order to obtain a more direct measure of the effect 
of spanwise variation in gust intensity on the stresses 
in an airplane the mean square root bending moment 
has been calculated for a rigid and a flexible wing. 
Fig. 8 pertains to an airplane with a rigid wing, which 
is permitted to move vertically only. The mass 
parameter is 100. The ratio of the mean square bend- 
ing moment to a mean square bending moment cal- 
culated from a sharp-edge gust formula, which includes 
no inertia or unsteady-lift effects, is shown as a func- 
tion of the ratio of the wing mass to the total mass of 
the airplane. The curve labeled ) L* = 0.25 repre- 
sents the results calculated by taking spanwise vari- 
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ations of the gust intensity into account, whereas th, 
curve labeled 6/L* = 0 represents the results of ¢a] 


culations in which these variations are ignored. The 


aspect ratio of the wing considered here is 12.5, and th, 
scale ratio L*/(é/2) is 100 in both cases. 

The effect of taking spanwise variations into account 
is to decrease the mean square bending moment 
slightly if most of the mass of the airplane is contained 
in the fuselage, but to increase it if much or most 0; 
the weight is in the wing. For the airplane with most 
of the weight in the fuselage the decreased moment 
reflects to a large extent the decreased normal load fac- 
tor. On the other hand, for the extreme case of 
flying wing, which contains its entire mass in the 
wing, the net root bending moment is zero if the gust 
is uniform along the span, provided the mass distri 
bution and lift distribution have the same lateral 
centroid location, because the bending moments due 
to the turbulence directly, due to the motion of the 
airplane, and due to the inertia effects then cancel each 
other. If, for the same case, the variation of the gust 
intensity along the span is considered, however, a net 
bending moment does exist. Thus, the mean square 
bending moment shown in the Figure for a mass ratio 
of unity is due entirely to the spanwise variation of 
gust intensity, and, at mass ratios between one-half 
and one, this effect results in large increases in the 


mean square bending moment. 


Mean Square Root Bending Moment of a Flexible Wing 


The mean square root bending moment of an air- 
plane with a flexible wing and a higher value of the 
mass parameter «—namely, 175—1s shown in Fig. 9 
The airplane is now considered to be free to move 
vertically, and the wing is assumed to distort in the 
first symmetrical free-free bending mode. The fact 
that the fundamental bending frequency and the mode 
shape change as the mass is redistributed from the 
fuselage to the wing is taken into account. 

For this case a one-dimensional gust produces a 
bending moment even when all the mass is in the wing 
The effect of taking the spanwise variation of gust 
intensity into account is again to reduce the mean 
square bending moment when most of the mass is in 


the fuselage and to increase it if most of the mass is in 
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Fic. 8. Effect of span on bending moment (rigid wing). 
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the wing; however, the magnitude of the effect appears 
to be considerably greater than it was for the rigid 
wing. (In view of the different mass parameters the 
results presented in Figs. 8 and 9 should not be com- 
nared With each other in an attempt to deduce the 


effects of wing flexibility. 


DISCUSSION 


Some Limitations of Analyses of Airplane Response to 

Continuous Random Excitation 

The purpose of the analysis presented here has been 
to determine how the results of an analysis based on a 
one-dimensional random gust are modified if a two- 
dimensional random gust is considered. Before dis- 
cussing the results presented, a short discussion of 
some of the limitations and implications of this type 
of analysis may be in order. 

The assumptions of linearity and stationarity com 
monly made in analyses based on a one-dimensional 
cust structure have been carried over. Linearity pri 


motions superimposed on a 


Stationarity, in a statistical 


marily implies small 


steady mean motion. 
sense, implies that the statistical characteristics of the 
turbulence along the flight path remain substantially 
invariant for a sufficiently long period of time—that 
is, a period of time several times longer than either 
the time required for any transient aerodynamic and 
dynamic effects to subside or the time required to 
a distance equal to the scale of turbulence, 
This condition is likely to be 


travel 
whichever 1s greater. 
satisfied in turbulence of low or medium intensity; 
however, whether or not the turbulence encountered 
in thunderstorms satisfies this condition is not known 
it present. 

The present study of the response to two-dimensional 
turbulence, as well as the previous studies of the re- 
sponse to one-dimensional turbulence, are thus con- 
cerned with only a part of the gust-loads picture. 
They furnish an estimate of the expected number of 
peak loads per unit time above a given level for any 

ecified mean square intensity of the turbulent input, 
but this information must be combined with the 
probability of encountering a given input intensity in a 
given period of time, which represents a meteorological 
ind operational problem, in order to arrive at an esti- 
mate of the time required to exceed a given peak load 
ina given type of operation. This problem is discussed 
in reference 12. 

The additional assumption of axisymmetry made in 
this paper is valid whenever the turbulence has no pre 
ierred direction in the horizontal plane. This condi- 
tion is likely to be satisfied in general, except near the 
ground (where the the result of 


obstacles on the ground which have a definite orienta- 


turbulence may be 
tion, such as a mountain range) and possibly at the 
edges of the jet stream. If the turbulence does not 
have this property, the analysis of this paper can read- 
ily be extended to cover this situation; however, more 


knowledge, in the form of two-dimensional correlation 
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functions or the corresponding would 


power spectra, 
then be required than is now available. 

A characteristic of atmospheric turbulence which 
appears to play a prominent part in the calculation 
discussed here is the scale of turbulence, although if an 
experimentally had 
used instead of the analytical expressions used here 
this quantity would not have appeared explicitly. It is 
difficult to obtain experimentally, because its 


obtained input spectrum been 


very 
measurement requires long periods of time, during which 
the assumption of stationarity is likely to be violated 
Therefore, if this quantity is to be obtained from experi 
mental results, the best procedure may be to fit an ex 
perimentally obtained correlation function or spectrum 
by an analytic expression and then to deduce the scale 
Eq. (14 


of turbulence from this expression, using or 


(15). 


Appraisal of the Calculated Results 


As pointed out in this paper, the lateral variation of 
gust intensity may affect the response to turbulence to 
extents. 


various In some problems this effect con 


stitutes a refinement of an analysis based on a one 
dimensional gust structure, as in the case for the nor 
mal load factor, for instance; in others this effect is the 
primary cause of the response, as in the case for the 
rolling accleration or the root bending moment on a 
rigid flying wing. 

On the basis of the results of the calculations, the 
effects considered here may be significant if the span 
of the airplane is one-tenth or more of the scale of tur 
bulence, that is, for airplanes with a span as low as 
50 ft. in However, in other problems 


these effects may be significant only for the very 


some Cases. 


largest airplanes. As was demonstrated, they may 
serve to increase or decrease the loads and motions, 
although some of the problems where the increase is 
very large, such as the root bending moment on a 
flying wing, may be those for which gust loads are not 
likely to be The effects 
appear to be more significant for relatively flexible than 


critical. considered here 
for relatively rigid airplanes, and on the basis of cal 
culations performed elsewhere!® they appear to affect 


the response in the higher modes to an even larger 
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extent than the response in the lower modes considered 
in the calculations of the present paper. 

Although only calculations of mean square values 
have been presented, the values of the mean square 
derivatives could have been presented as well, inasmuch 
as they can be obtained directly from the spectra 
which were used to obtain the mean square values. 
Hence, the expected number of peaks could have been 
calculated. It is not expected that such calculations 
would alter the conclusions reached here. 


Application to Other Problems 


The effects discussed here may find application to 
other problems. For instance, some phases of the 
buffeting problem may be amenable to analysis on the 
basis of assumptions of linearity and stationarity. If 
so, the effects of spanwise variation of input intensity 
are likely to be very much larger than in the gust- 
loads problem, because the scale of turbulence is small 
compared to the wing span in this problem. Whether 
the assumption of axisymmetry will yield useful results 
or whether two-dimensional input correlation functions 
and spectra will have to be obtained remains to be 


seen. 
CONCLUDING REMARKS 


An approach has been outlined for taking into ac- 
count the spanwise variations in instantaneous in- 
tensity of a continuous random gust structure. The 
results of some calculations have been presented which 
indicate that this effect, which may serve to decrease 
or increase the loads and motions, depending on the 
individual case, may be significant even on medium- 
sized airplanes for certain gust responses. One such 
response is the root bending moment, particularly if 
the wing is flexible, and another is the rolling acceler- 
ation. However, for other responses, such as the nor- 
mal acceleration, this effect is likely to be small even for 
the larger airplanes. Thus, in quantitative studies of 
some, but not all, responses to continuous random tur- 
bulence, the effects of spanwise variation of gust in- 
tensity will have to be taken into account for large 


airplanes. 


INPUT-OUTPUT 
FOR 


APPENDIX A—DERIVATION OF THE 
RELATION AND VARIOUS TRANSFER FUNCTIONS 
A ONE-DIMENSIONAL GUST STRUCTURE 


In this Appendix the relation between the power 
spectra of the input and output of a linear dynamic 
system subjected to a stationary random input will be 
derived in a form which can readily be generalized to 
the analyis of a two-dimensional gust structure. (See 
references 3, +, and 6 for greater detail.) The trans- 
fer functions required in the calculations discussed in 
this paper will then be derived for the case of a one- 
dimensional gust structure. 


The Input-Output Relation 


The correlation function of a stationary random proc- 
ess f(t) will be defined as 
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Vr) = f(Of(t + 7) A-] 


where the bar designates a time average, 


+] 
( ) dt 
7 


For many purposes the Fourier transform of. this 


lim 


i— “= * 


() = 


function is very useful. This transform will be re. 


ferred to as the power spectrum of f(¢) and defined by 


| . 
¢y(w) = | Vr) e "dr 


») 


<= | V/(7 COS wr dr 
T JO 

If now this process represents the input to a linear 
dynamic system, the output of which is g(t), th 
functions f(t) and g(t) can be related by the superpos; 
tion integral 


g(t) = h(t) f(t — ty) dt, (A-3 


where /i(t) is the response of the given system to a unit 
impulse. 

The correlation function for g(t) can be defined in 
the same way as the one for f(t); upon substituting 
Eq. (A-3) into this defining equation and making use 


of Eq. (A-1), this correlation function can be written 


as 

y,(7) = | h(t,) h(t) Wr + ty — te) dthdte 
(A-4 

and upon defining a power spectrum for g(f) in the 


same way as the one for f(/), substituting Eq. (A-4 


into this defining relation and using Eq. (A-2), this 
spectrum can be written as 


Cy(w) — H(a ¢ lw) (A-5 


where //(w) is the Fourier transform of /(f), 


hit)e*™™ dt A-6 


and represents the complex amplitude of the output 


TT(w) = 


of the system when subjected to a sinusoidal input of 
frequency w and unit amplitude. 

When the system is an airplane flying at a mean 
speed U and the input to the system is the gust in 
tensity w, cognizance should be taken of the fact that 
along the flight path w is a function of only one vari 
able, either the distance traveled along the flight 
path, x, or the time required to travel that distance, 
namely ¢ = x/l. In the body of this paper w has 
been considered as a function of distance, with the 
result that the definitions of y, and ¢, given in the 
body take special forms of those given in this Appendix. 

The reason for this convention is that if an airplane 
flies sufficiently rapidly the gust velocity at any point 
of its flight path does not vary significantly during 
the time the airplane is in the vicinity of the point, s 
that the statistical characteristics, in particular the 





cor 
me 
des 
ext 
gus 


in | 
con 
be 

a? 
in \ 
t101 
req 
100 
spe 


disy 


pre: 
turl 


The 
fun 


whe 


The 
Ir 


whe 
lift 

inc 
fun 
ter1 
tion 


inc 


and 


this 


An 


Usi 


defi 


of this 
I] be re- 
‘fined by 


a linear 
(Lt), the 
iperpost 


(A-3 
O a unit 


fined in 
tituting 
‘ing use 
written 


dt 
(A-4 


in the 
(A-4 
2), this 


(A-6 


output 
put of 


mean 
ust in- 
‘t that 
e vari- 
flight 
stance, 
w has 
th the 
in the 
endix 
rplane 
point 
luring 
int, so 
ir the 








DYNAMIC RESPONSE 
correlation function, are functions of space displace- 


ments only. (The to 
designate the space surrounding the point and of such 


term ‘‘vicinity’’ is used here 
extent that there is a strong correlation between the 
gust velocities at all points of that space with those 
at the given point.) The assumption has been made 
in previous analyses of the respons: of an airplane to 
continuous random atmospheric turbulence, and will 
be made here, that this condition, which is equivalent 
to Taylor's hypothesis made in studies of turbulence 
in wind tunnels, is satisfied. From available informa- 
tion concerning the properties of the atmosphere the 
required speed appears to be in the order of about 
100 or 200 ft. per sec., so that for all higher flying 
speeds time displacements 7 can be identified with space 
displacements Ax = U’r, and vice versa. 

In the calculations of this paper the following ex- 
pression for the correlation function of atmospheric 
turbulence has been used.** 


Y,.(Ax) = w?[1 — (| Av} /2L*) Je~ “9/4 (A-7) 


The power spectrum corresponding to this correlation 


function 1s 


Cy(@) = (W 7* rl ) [1 + 3k’") (1 + k’*)?|} (A-S) 
where k' = wL*/U 
The Transfer Functions for the Normal-Load-Factor 


Increment and the Root Bending Moment of a Rigid 
Airplane 


The equation of motion of an airplane subjected 
to sinusoidal gusts and free to move vertically only 
can be written as 


Ms = —(CigS U) C(k)é + L, A-9) 


where L, = Cy gS(w U)p(k); and C(k) is an unsteady- 
lift function for changes in angle of attack, which for 
incompressible two-dimensional flow is the Theodorsen 
function C(k) (see reference 14) plus an apparent-mass 
term 7k 2; the function ¢(k) is an unsteady-lift func- 
tion for gust penetration, and is for two-dimensional 
incompressible flow the function first given in reference 
15 and usually referred to as the Searsfunction. Hence, 
if a normal load factor increment and a mass parameter 


are defined by 


and K S/ Cc. pSEé 


this equation can be written as 


An = 1] (x2) + 


[C(k) ik]} (2U2/gé)o(k) (wl 


(A-10 


on the right side of Eq. 
function. 


The factor multiplying w 
(A-10 the 
Using a refrence value of the load factor increment 


constitutes required transfer 


defined by the sharp-edge gust formula 


An, = (C,.qgS/ Mg) (w/l 
= (2/x) (2U*/gé) (w/U A-11 


OF 


A LARGE AIRPLANE 
and Eqs. (5) and (A-8), the mean square value of 


An can be written as 
(An)? 
(An.)* /J0 

where (An,)* represents the mean square value of An as 

calculated by the sharp-edge gust formula. In the 
calculation of (Am)? discussed in this paper the quasi- 


C(k) ® 1 and the approximation 


used in references 4 and 6for @(k) |? 


o(k) 


l + [(2C(k ikx ||? r (1 + Rk” 


steady value of 
namely, 


o(k) >A l/(1 + 2k) 


have been used. 

If the gust is uniform along the span, the aerody- 
namic loads due directly to the gust and due to the 
motion of the airplane have the same lateral center of 


pressure. Hence, the bending moment due to sinu- 
soidal gusts can be written as 
BM = (C,.qS/U) (% 2) [o(k)w — C(k)t] - 

M,/2)y (A-12 


However, using Eq. (A-9) this equation can be simpli- 


fied to 


BM = [(9/2)M — (y/2)M,|2 


(P/2) AMT [1 — (y/¥) (M/M) IB 


Therefore, the transfer function for B./ is equal to the 
transfer function for An multiplied by the factor 


(§/2)M[1 — (9/5) (MM) |g 


In the calculations of the bending moments dis 
cussed in this paper the values of C(k) and $(k) for two 
dimensional flow (as corrected for 
finite-span effects by using the appropriate value of 


A reference value of the 


incompressible 


C, instead of 27) were used. 
a 
bending moment as calculated from the equivalent 


of the sharp-edge gust equation, 


BAI = (1 2 C, gSV(w U’) A 1:3) 
a ? 

was used to reduce the results to dimensionless form. 

The values of ¥ and J were assumed to be identical. 


Transfer Function for the Root Bending Moment of a 

Flexible Wing 

The method of calculating the transfer function for 
the root bending moment of a flexible wing is based on 
the modal approach of reference 16. 

The equation for the bending distortion of a flexible 


wing can be written as 


(d? dy? [EI (d?s dy~) = + /,, + A-14 


where and /, are, respectively, the aerodynamic 
loads per unit span due to the gust directly and due 
to the airplane motion, and where /; is the load per unit 
span due to inertia effects. If the airplane is restricted 
to vertical motion and to distortion in the first free 


free bending mode, the function 2(y) can be written as 


ay) = ar A-15 


21 C(V 
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The mode shape ¢(y) must satisfy the equation 


(d?/dy?) [EI (d*¢/dy*) |] = may? ¢ (A-16) 


where aw) 1s the frequency of the oscillation in the first 
free-free bending mode, as well as the orthogonality 
condition 


» 


eh/2 
m¢dy = 0 


J —[(b/2 


(A-17 


As a result of Eqs. (A-15) and (A-16), Eq. (A-14) can, 
for sinusoidal gusts of frequency w, be written as 


swormt = 1, — (S/U)h — 
(2;/U)le + w*m(Zo + at) (A-18) 
where /, and /, are the lift distributions due to an angle 


of attack equal to unity and an angle of attack dis- 
tribution equal to ¢, respectively. Integrating this 
equation and using Eq. (A-17) and then multiplying it 


by ¢ first and then integrating yields the pair of equa- 


tions 

QO = ie aoad (30 U)L, (2, U)L, + w? Mao 

B09" MM’ = | i - (Zo U)L," = (3; ( ibe” + (A-19) 
w?M's, 


where .J/’ is the generalized mass associated with the 
first free-free bending mode, 


eh/2 
M’ = / m ¢? dy 
« (b/2) 
and where the actual and generalized lifts due to motion 
are defined by 
L, = Cy, qgSC(k) 


§ 


| ‘rgd SC\ R)K 


— =< k? + ikC(k) 


ikKC(k) (ky? — k? 
where Ro = a6 /2U 
and k’ = SM’'/Cr pSé 


Now, the root bending moment can be expressed as 


BM = ElI)(d’z dy"), =(0) 


= FI, [(é/2)/(b/2)? 2: *¢"0 
ce”, = (d?¢ dy*? | +20 


BM = H,(w/U) + MoK(w/ VU) (A-24) 


where 
so that 


where the transfer functions /7,; and H/, are obtained by 
solving Eq. (A-23) for 2,* and are defined by 


HW EI €/2 ., —ikKC(k) P 
= tlo z= (R) 
j (b 9)2° D(k) id | 2 
B/2 (x/2)k? + ikC(k siete 
79 — (x /2)p2 ikC(k) 
a Si a a(t) 
(b/2)? D(k) 


where 
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L,” = Cr g SC k)K 


Le = Cr gSC(k 

"i Ce 

cn | (. ) dy* 

J0 a OF, =e 

v1 cc 

K = | (. ) ¢ dy* A-?%) 
J 0 CC; a=1 

= eae le. o4 

ae | (. : ) ¢ dy* 
Jo MOL J a= 


“a 


and 
“a 


For an unswept wing, which is the only case considered 
in the following, the constants A and K are identical 
by virtue of the reciprocity relations of linearized lift 
ing surface theory.'' Hence, both will be designated 
by A in the following. 

For subsonic flow the required lift distributions can 
be obtained from reference 17. In the calculations 


discussed in the present paper the mode shape ¢ was 





taken as 
¢= —a+ (1+ a)y\* (A-2] 


and the lift distributions given in reference 17 for a 
wing of aspect ratio 12, taper ratio | 2 with uniform 
angle of attack and with parabolic twist were used. 

Similarly, for a gust which is uniform along the 
span, 


L, = CrgSo(k) (w/U) | 


” ° . ; A-22 
Ly” = Ci gSolk)K(w f 


In terms of these lifts, Eq. (A-19) can be written in 


dimensionless form as 


| 


= o(k =n A-23 
wow] fae) |e 
D(k) = (k® — ky®)R? ~~ — ikC(k) X 
Pe pe x’ . eo ae : , Xo y 
9 (Re — ky?) = k? ; K ;+ (A K')k?C7(k 


Hence, for the one-dimensional gust structure, the 
desired transfer function from the gust to the root bend- 
ing moment is 

Hau = (] U (77, — K 1/1, 
APPENDIX B-—DERIVATION OF OUTPUT SPECTRA FOR 
A Two-DIMENSIONAL GusT STRUCTURE 
The General Input-Output Relations 

In analogy with Eq. (A-3), a superposition integral 
for an output, say a(t), of a system subjected to 4 
two-dimensional input can be written as 


ex b/2 
a(t) -| [ h(t, y) w[U(t — th), vy] dy dt, (B-l 
- J —(b/2) 
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the function /(f, y) has been discussed in the 


If now 


where 
body of the paper. 
for ¢ is Written in terms of this integral, a time average 

the type w(x, y) w(x + Ax, y + Ay 
right side of the equation. This function will be de- 


the correlation function 


occurs on the 


function 
the 


fined as the two-dimensional correlation 


Av, Ay) for the vertical component of gust 


velocity. 

\s mentioned in the body of this paper, by assuming 
the turbulence to be axisymmetric this function can 
be expressed in terms of the one-dimensional correla- 


tion function as follows: 


B-2 


Yw( Ax, Ay) = Yul V Ax? + Ay 


This relation will be assumed to be valid in the follow 


ing. 
The correlation function for o can then be written as 


follows 


h(t, vi) A(te, vo) X 
b/2 


¥. ([V U(r +h to)? + (vo — w1)?] dvi dye dt; dt 
(B-3 


By taking the Fourier transform with respect to 7 of 
both sides of this equation, the equivalent relation for 


the power spectrum of o is obtained, 


ai Ale, y») [H(w, y:)]* X 
| 7 Pu(w, Yo — v1) dy, dy 
] ] " GR} H(w,y2) [FT (w, yi) |*} X 
| - | Gu(@, Yo — Mi) dy dye 
(B-4 


where ®} { designates that the real part is to be taken, 
and where the asterisk designates that the complex 
The functions 
and h, 


conjugate of //(w, y,) is to be taken. 
¢, and // are the Fourier transforms of yf, 


‘ lL eacrare Ax 
Pu(w, Ay) = ee Ww(Ax, Ay) dj — 
©. l 
and H(w, y) e “hit, y) dt 
Eq. (B-4) represents the input-output relation for a two 


dimensional stationary stochastic input to a linear sys- 
tem. 

For axisymmetric turbulence the two-dimensional 
spectrum ¢,(w, Ay) can be obtained from the one- 
dimensional spectrum ¢,,(w) by means of the relation 


Ji n V w’? — w* dw’ (B-5 


where n Ay. 
For the correlation function and spectrum of Eqs. 


A-7) and (A-8) the spectrum @,,(w, 7) is 
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Gu(w, n) = (w*L*/xU) {(n/L* 1 + 3k° 
1 + k’)*71K, [(n/L*) V1 + R’ 

(n/L*)2 [1/(1 + Rk”) ]Ko[(n/L*) V1 + Rk”? ]|  (B-6 


The double integral of Eq. (B-4) can be reduced to 


a single integral by introducing an autoconvolution 
Hw, v); 


function of 


Hw, n) =2 


The expression for ¢,(w) then becomes 


4 


¢_(w) = H(w, 7) Sy(w, n) dn B 


An alternative method of evaluation consists in 
using the double Fourier transform of the two-dimen 


sional correlation function, 


(e)«(e) 
y Ax, Ay) d a . 
‘ l l 
l Ay 
in Ay/t g (Wy, Ay) a( *) 
T ° l 


If the turbulence is axisymmetric, this double Fourier 
transform is a function only of the frequency V w," + @ 
that is, 


Cw(@1, @) = (Vwi? + w 


where ¢, can be obtained from y, or ¢, by means of 


the following relations: 


, “ =f * hf i )x 
a eae ee 


a y [ d¢,(w’) x 
Or ¢y\@) = - > 4 
a « w dw 
i od B-9 
dw 
Vw 
2 we 
oi SR gulw’) X 
w’dw’ | 
w’ in QW 7 


where F.P. designates ‘‘the finite part of.”’ 
For the correlation function and spectrum given in 


Eqs. (A-7) and (A-S), the function ¢,() is 


U?) (3/m) [k’2/(1 + Rk’)? ] 


Sy(@) = (w?L* 


In terms of the spectrum ¢,, and the Fourier trans- 


form with respect to y of //(w, y)—namely, 


Hw, w’ = t OM I] Ww, Vv dy B-10 


(B-4) can be written as 
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1 x 
o(w) = 5 
on im 


which thus constitutes an alternative input-output 


H(w, w’)!* Sul V w? + w’*) dw’ 


(B-11) 


relation. 

In many cases the influence function /(¢, y) and, con- 
sequently, also its Fourier transform //(w, y), have the 
property that they can be written as a product of func- 
tions depending on time (or frequency) and space alone 


that is, 


h(t, vy) = R(t) yy) ) 


; (B-12) 
H(w, y) = H(t) y(y)$ 


and 
where H(w) is the Fourier transform of A(t). For this 
case the evaluation of the integral of the input-output 
relation is simplified considerably. For instance, 


Eq. (B-S) now becomes 


b 
¢o(w) = b| H(w)!? [ P'(n) Gu(w, 9) dy (B-13) 
/7 0 
where the function I'(y) defined by 
») e(b/2 n 
I'(n) = | v(y) y(y +») dy (B-14) 
« b 


is independent of frequency. 

In many cases when /(f, y) and //(w, y) do not have 
forms indicated in Eqs. (B-12), they can be expressed 
as a sum of functions which do have those forms, that 


1S 


h(t, vy) = A(t) yil(y) + A(t) yolw) +... A (B-15) 
% -l.) 
H(w, vy) = Hy(w) yi(y) + Te(t) yely) +... A 


The manner in which this property can be used to ad- 
vantage will be indicated in one of the examples that 


follow. 
Spectrum of the Lift Due Directly to Turbulence 


According to the reciprocity theorem of linearized 
lifting surface theory,'' the lift influence function is 
equal to the lift distribution for unit angle of attack 
in reverse flow. If the wing is unswept, as is the case 
for the calculations described herein, there is no dis- 
tinction between the lift distributions in direct and re- 
verse flow. Inasmuch as the distribution of the lift 
on an oscillating unswept wing appears to be substan- 
tially independent of frequency, as indicated by the 
results calculated in reference 18, the influence function 
for the lift due directly to turbulence will be assumed 
to be expressible in the form indicated in Eq. (B-12), 


specifically, 
H,,"(w, ¥) = (Cr igS Ub) o(k)] yxy) 


where yz,(y) is the section loading coefficient for unit 
angle of attack, (¢¢;/€CL,)a=1- 


Hence, the function I'(7) becomes 
bs 
EF") = { yi(y*) yr(y* + n*) dy* 
| 


For instance, if the lift distribution is uniform across 
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the sp2n, yz = 1, so that 
I'(n*) = 2 — n* B-16) 


Eq. (B-13) then becomes 


b? CigS 2 , iP .. . 
YL7\e) = - Ub o(k) 2 I'(n*) Pu(w, 7 dn* 


B-17 


In analogy with the expression for a one-dimensional 


random gust—namely, 


¢ig(w) = [Cr gS U2 | o(k)|? ge(w) 
Eq. (B-17) can be written as 


Y(W) 19 - [Cr.gS U |? o(k) . Lue) B-18 


where ¢y,(w), an effective spectrum for the vertical 
component of the gust velocity, is defined by 


l 


») 


I'(n*) Se(w, 7) dn* 
JV 


Using the functions I'(n*) and ¢,(#, 7), defined by 
Eqs. (B-16) and (B-6), respectively, the function 
¢we has been calculated and is shown in Fig. 4. From 
this spectrum, or its equivalent obtained with the dis- 
tribution y,; appropriate to any given case, the spectrum 
of the lift can then be obtained from Eq. (B-18). 


Spectrum of the Normal Load Factor Increment 


If the spanwise variation of gust intensity is taken 
into account, the term LZ, on the right side of Eq. (A-9 
is the lift discussed in the preceding section. How- 
ever, the other terms in the equation are independent 
of the nature of the input, so that the transfer function 
in Eq. (A-10) is the same as before. Consequently, 
the power spectrum for An can be written in the same 
way as before, with ¢,. replaced by the function ¢,, de- 
fined in the preceding section. The results shown in 
Fig. 6 have been obtained by integrating the spectrum 


for An obtained in this manner. 


Spectrum of the Rolling Acceleration 


The equation of motion of an airplane in roll due to 


sinusoidal vertical gusts can be written as 
Lp = CygSbC(k) (pb/2U) + L’, (B-19 


where L’,, the rolling moment due directly to gusts, 


can be written as 
i Cip \gSb 


es 
/ o(k) , } vi'(y*) w(y*) dy* 
Bee 


Cp = 
where the rolling moment influence function yz,’ 1S 
equal to the lift distribution in roll—that is, |ec,; + 
c(—Cy) la=y*. Hence, the rolling acceleration p can 
be expressed in terms of w as follows: 


pb E l (A | b { eo 
i ~ ) yr(y) 
2g Sg x, + [C(Rk)/tk] ? YL‘\) 


w| y*) dy* 
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so that the influence function relating pb 2g to w has 
the form indicated in Eq. (B-12), with H(w) being the 
function in brackets in the preceding equation, and y(y) 
being the function y,/(y*). 

The spectrum of the rolling moment can thus be 
\btained in the manner employed previously for the 
lift, by calculating an “effective”? gust spectrum and 
multiplying 1t by H(w) 

In the calculations discussed in this paper, «, was 
as 25.75, U = 400 ft. per sec., and S = 1,250 


taken 


sq. ft. 
Spectrum for the Root Bending Moment of a Rigid Wing 


If variations of the gust intensity along the span are 


taken into account, Eq. (A-12) becomes 


tis... -M, 
vC(Rk)s — ys + 
i .? 
Cr qgSb 
= (B-20) 


gk) 


| 
va(y*) w(y*) dy* 
bl J =1 


where y,(v*) is an influence function for the bending 
moment and is, according to the reciprocity theorem, 
the lift distribution cc, eC, for an angle of attack dis- 
tribution which is 0 on the left wing and equal to y* 
on the right wing. As a result of the superposition 
principle, this lift distribution is equal to one-half the 
sum of the lift distribution due to unit symmetrical 
linear twist and the lift distribution due to unit anti- 
symmetrical linear twist (damping-in-roll condition). 
For the calculations described herein these lift distri- 
butions, as well as y,(y*), were obtained from the re- 
sults given in reference 17 for a wing of aspect ratio 12, 
taper ratio 1 2. 

Inasmuch as 3 and 3 can be expressed in terms of L, 
by means of the transfer function discussed in connec- 
tion with the normal load factor increment, the bending 
moment can be expressed in terms of w by means of 
an expression of the form of Eq. (B-15), with 


IT, w = 
(1/2) [Cr gS/U] 3[(C(k) ik| — (.M,/2)¥ 
= x 
(x 2) + |¢ (R) tk | 
2U S) o(k) 

Lal ) otk (B-21 

Cig 
IT, W . OU o(k) 
nos = ¥i(y*) 
YAY ’ Ya(y*) 


The spectrum for B.\J may therefore be derived as 
The bending moment may be written as a 
superposition the 
Fourier transforms /,(f) and he(t) of T,(w) and TIs(w), 


follows. 


sum of two integrals involving 


2 (bh /2 


BM In(ty)dty 


. bh /2 
ho(ts) dte [ yo(v) wt to, 
J —(b/2 


yily) wt — hi, v) dy c 2 


y) dy 
for B.A/, intro- 
and calculating 


Upon forming the correlation function 
ducing the assumption of axisymmetry, 


OF 


A LARGE AIRPLANE 929 


the Fourier transform of the correlation function, the 
power spectrum for the bending moment is obtained as 


[77 Ww +} x 
(B-22 


IT,(w) * Cr, (W : i 2K} Hy (w) 


Supe \W » IT. W "¢ oh 


Bulow) = 


where & and the asterisk designate ‘‘the real part of” 
and call for the complex conjugate, respectively, as 


before; the spectrum ¢,,(w) has been defined pre- 
viously, and the other spectra are defined as 
l ff? 
Fue we) = 5 | [i(n*) &,-(w, 7 dn*| 
- JW 
(B-23 
l ¢? 
Fue (w) = 5 P's(n*) Zc(w, n) dn* | 
- J0 
where, in turn, 
| 
Is(* yi(y") vy’ wly* + 9*) dy* 
« l 
- = inet aot ion * > 
Ps(n = ly'n(d Y B\) 9 rT 
« l 
1" n(y* ve’ (y* + *)| dy* 


where y’s(y*) and y",(y*) are, respectively, the sym 
metrical and antisymmetrical part of yg(y*) and, as 
was pointed out previously, are equal to one-half of 
the lift distributions cc, CCL, for a unit linear sym- 
metric twist and ‘unit linear antisymmetric twist, 
respectively. 

The contribution of the antisymmetric part of yz 
to I. and, hence, to the spectrum for the bending mo- 
ment stems basically from the asymmetry of the in- 
stantaneous distribution of gust intensity over the 
span. This asymmetry gives rise to a rolling moment 
and, hence, to rolling motions, which were considered 
in the preceding section of this Appendix, and which 
contribute additional bending moments due to the aero- 
dynamic and inertia loads associated with these motions. 
If, for the purpose of calculating the bending moment 
due to symmetrical flight through turbulent air, these 
motions are disregarded, the contribution of y", to 
I. should be disregarded as well, so that the second 
part of the expression for I, is generally spurious and 
should be ignored. As pointed out in reference 10, the 
net bending moment due to the symmetrical part of the 
instantaneous gust distributions and the resulting ver- 
tical motions and the net bending moment due to the 
antisymmetrical part and the resulting rolling motions 
are statistically that their power 
spectra can be added directly to obtain the total net 
bending moment due to atmospheric turbulence and 


independent, so 


the resulting airplane motions. 
Inasmuch as 


and 


_ e 
_ te 
- 

o 
a 
- 
” 
II 
=! 


) reduce, respec- 


the functions ¢,,(w), gu, (w) and gu, (w 


tively, to ¢.(w), [¥ (b 2) ]eu(w), and [¥ (6/2)? ¢u(w), 
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as the ratio of the span to the scale of turbulence ap- 


proaches 0. Consequently, by introducing 
values and the definitions of /Z;(w) and //2(w) given in 
Eq. (B-21) into Eq. (B-22), the value of ggy(w) given 
there can readily be shown to reduce the one obtain 
able directly from Eq. (A-12) when the span ratio ap 


proaches 0). 


Spectrum for the Root Bending Moment of a Flexible Wing 


The technique of the preceding section can readily 
be adapted to the flexible wing. The two functions 
IT,\(w) and J/.(w) defined in Eq. (A-25) can now be used 
directly, provided that the functions yi(v) and y2(v 


are defined as 


m(y) = (1 Ub)y1(y*) y2(y) = (1 Ub)y (y*) 


é 


where y;(v*) is an influence function for L”,., and ac 
cording to the reciprocity theorem is equal to the lift 
distribution cc, eC. due to an angle of attack dis 
that is, the lift distribution used 


previously in defining A and KA’ in eq. (A-20). 


tribution equal to ¢ 


Eqs. (B-22) and (B-25) can thus be used directly for 
the flexible-wing case provided T; and [, are redefined 


as 
| ~ — 
rz | yi(yv*) ye(v* + *) dy* 
,: 
: 


l »! n* 
P'(n*) = "2p? | ve(¥*) ve(v* + 9*) dy* 
»2 
l 


and provided ¢,,(w) is now divided by l*b?. The 
power spectrum for the bending moment obtained in 
this manner can, again, be shown to reduce to the one 
obtainable from Eq. (A-24) when the span ratio ap- 
proaches zero. 
For the flexible-wing calculations discussed in this 
paper the following quantities were used: 
kK = 179 b = 125 ft. 
kIy = 22 X 108 Ib. ft.? €= 10ft. 
The wing mass was assumed to be distributed along 
the span in the following manner, regardless of how 
much of the airplane mass was in the wing: 
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The mode shape, in particular the constant a in Eq. 
(A-21), was permitted to vary with the mass ratio 
M,,/M in such a way as to satisfy the orthogonality 


condition. Consequently, the frequency w) and the 
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generalized-mass parameter «’ varied with this rat 


For a value of this ratio of 0.25 the following values wer, 


used: 
w = 15.4 a 0.147 Kk’ = 8.73 
REFERENCES 
1 Wax, Nelson, (Ed.), .Votse and Stochastic Proce Dove 


Publications, Inc., New York, 1954 

2 Clementson, Gerhardt C., An Investigation of the ] 
Spectral Density of Atmospheric Turbulence, Ph.D. Thesis, Mass 
chusetts Institute of Technology, 1950 

} Press, Harry, and Mazelsky, Bernard, A Study of the A 
plication of Power-Spectral Methods Generalized Harmop 
Analysis to Gust Loads on Airplanes, NACA TN 2858, Januar 
1953 

‘Fung, Y. C., Statistical Aspects 
of the Aeronautical Sciences, Vol. 20, No. 5, p. 317, May, 1953 

5 Press, Harry, and Houbolt, John C., Some A pplication 
Analysis to Gust Loads of Airplay 
22, No. 1, p. 17 


Generalized Harmonic 
Journal of the Aeronautical Sciences, Vol 
January, 1955 
® Liepmann, H. W., An Approach to the Buffeting Problem Fr 
Turbulence Considerations, Douglas Aircraft Company Report 
SM-13940, March, 1951 
’ Dryden, Hugh L., Schubauer, G. B., Mock, W. C., Jr., an 
Skramstad, H. K., Measurements of Intensity and Scale of Wind 
Tunnel Turbulence and Their Relation to the Critical Reyn 
Vumber of Spheres, NACA TR 581, 1937 
8 Uberoi, Mahinder S., and Kovasznay, Leslie, S. G., Jnfluen 
of Resolving Power on Measurement of Correlations and Speet 
of Random Fields, Johns Hopkins University, Project Squi 
Technical Report No. 30. 
® Liepmann, H. W., Extension of the Statistical Approach | 
Buffeting and Gust Response of Wings of Finite Span, Journal 
the Aeronautical Sciences, Vol. 22, No. 3, p. 197, March, 1955 
10 Diederich, Franklin W., The Response of An Airplane 
Random Atmospheric Disturbances, Ph.D. Thesis, Californi 
Institute of Technology, 1954 
'! Heaslet, Max A., and Spreiter, John R., Reciprocity Relation 
in Aerodynamics, NACA TN 2700, May, 1952 
2 Press, Harry, Meadows, May T., and Hadlock, Ivan 
Estimates of Probability Distribution of Root-Mean-Square Gust 
Velocity of Atmospheric Turbulence From Operational Gust-Load 
Data by Random Process Theory, NACA TN 3362, March, 1955 
13 Press, Harry, Houbolt, John C., and Diederich, Franklin 
W., Some Applications of Generalized Harmonic Analysis to Prob- 
lems in Airplane Dynamics, papers read at the NACA-Universit) 
Conference on Aerodynamics, Construction, and Propulsion 
October 20-22, 1954, Volume I—Aircraft Structures and M 
terials, pp. 1-1 to 1-13. 
14 Theodorsen, Theodore, General Theory of Aerodynamic In 
stability and the Mechanism of Flutter, NACA TR 496, 1935 
15 Garrick, I. E., On Some Fourier Transforms in the Theor 
of Nonstationary Flows, Fifth International Congress for Appli 
Mechanics, Cambridge, Massachusetts, 1938 
16 Houbolt, John C., and Kordes, Eldon E., Gust-Reponse A! 
alysis of an Airplane Including Wing Bending Flexibility, NACA 
TN 2763, August, 1952 
7 Diederich, Franklin W., and Zlotnick, Martin, Calculated 
Spanwise Lift Distributions and Aerodynamic Influence Coeff 
cients for Unswept Wings in Subsonic Flow, NACA TR 122 
1955 
18 Reissner, Eric, and Stevens, John E., Effect of Finite Span 
the Airload Distributions for Oscillating Wings. II—Method 
Calculation and Examples of Application, NACA TN 119% 
October, 1947. 





twe 
Mac 
to t 
at I 
cone 
wha 
shot 
trib 
stre 
in 
vari 
has 
gIVE 
pre 

1 
also 
firn 


\ce 


his ratio 


lues Were 


, it. ind 
of Wind 
Reynold 


Influc n 
1 Spect 


t Squid, 


broach t 
vurnal of 
1955 
plane 


aliforni 
Relation 


Ivan, 
ive Gust 
ist-Load 
, 1955 
‘ranklin 
to Prob- 
iversit\ 
yulsion, 
id Ma 


mIC In 
). 
Theor 

\ pplied 


se An 
NACA 


iad 
L Mb 


Coefh 


1228 


ban On 
as 


1195 





Kxperiments on Circular Cones at Yaw 
In Supersonic Flow 


MAURICE HOLT* AND JOHN BLACKIE? 
Ministry of Supply, England 


SUMMARY 


Pressure measurements made in the Fort Halstead super 
sonic tunnel on two circular cones, of semiapex angles 15° and 


1°, are given for angles of yaw up to 25° and a Mach Number of 


3.53. The mi 
ire compared with corresponding values calculated 


isured pressure distributions and lift and drag 


oethcients 


theoretical methods, and the relative merits of these methods 


re then discussed 


(1) INTRODUCTION 


— PROBLEM Of supersonic flow past circular cones 
at yaw has received considerable attention from 
theoretical research workers in recent years. Several 
methods of solution have been proposed,'~* and those 
based on Stone’s paper® have been used as the basis for 
very extensive tables of data. It is, therefore, rather 
surprising that experimental information on this prob- 
lem is comparatively scanty, and that no set of observed 
results comparable to the tables calculated by Kopal 
at Massachusetts Institute of Technology is available. 
In the present paper an account is given of measure- 
ments of pressure on two circular cones of semiapex 
and 20 
tween 0° and 25 
Mach Number in the Supersonic Wind Tunnel attached 
to the Applied Mathematics and Mechanics Division 
at Fort Halstead. Existing results appear to refer to 
cones much thinner than these and are given at some- 
The present results 


angles 15 over a range of angles of yaw be- 


The measurements are made at one 


what arbitrary angles of yaw. 
should, therefore, be of value in showing pressure dis- 
tributions on cones producing shocks of considerable 
strength which, when yawed, display marked variations 
in entropy in the flow behind them. Further, the 
variation of pressure distribution with angle of yaw 
has been shown in a systematic manner, and the data 
given are probably more complete than those published 
previously. 

The results are of value in themselves, but they are 
also suitable as a standard against which the more 
firmly established theoretical methods can be tested 
Accordingly, the pressure distributions at Mach Num 
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ber, cone angle, and angle of yaw at which measure 
ments are made are also calculated by three methods 
The first is the original method by Stone?® for slightly 
yawed cones, the second is the same method after modi 
fication to take account of an entropy correction, and 
the third is the second-order development of Stone's 
theory by Kopal,° for large angles of yaw. On the more 
slender cones, the entropy correction brings the Stone 
first-order theory into closer agreement with experi 
ment, but tends to make matters worse on the 20” cone. 
On both cones there is no doubt that the second-order 
Stone theory gives the best agreement with experiment. 
The entropy correction, as it stands, is not sufficient to 
bring the first-order solution into agreement with ob 
servation. However, it is probable that this solution 
can be improved. 

2) EXPERIMENTAL DETAILS 


The pressure distributions over the surfaces of 15 
and 20° semiangled cones at Mach Number 3.5 were 
measured at various angles of incidence in a continu- 
The 10-in. 


square working section, was operated at 


ously running wind tunnel. tunnel, of 
a stagnation 
pressure of 38.2 in. of Hg and a working section pres- 
sure of 0.49 in. of Hg. 

The cones, of 1.25-in. base diameter, were constructed 
of solid brass. The cone angles were within +2 min. 
of arc of the nominal values and the cone surfaces true 
to +0.0003 in. In the tunnel the cones were supported 
from the base and mounted so that angles of incidence 
from —7 to +25 Provision 


was also made for varying the yaw slightly for initial 


I could be obtained. 


adjustment of the cone position. Eight pressure holes, 
normal to the surface of the cone and of 0.040 in. diame- 
ter were used in each model, the relative positions of the 
It will be seen that in two 
The 
pressures acting at these holes were led by hyperdermic 
and P.V.C. tubing through the base of the cone and 
Pres 


holes being shown in Fig. |. 
cases there are two holes on the same generator. 


the roof of the tunnel to a mercury manometer. 
sures on the manometer were read to £0.01 in. of Hg 
by means of a cathetometer. Small variations in the 
angular positions of the pressure holes from those shown 
in Fig. 1 were allowed for in the final calculations 
Preliminary experiments were carried out to test for 
any possible disturbance of the air flow due to the size 
of pressure holes used. It was found that smaller 
holes gave the same pressure measurements but had the 
disadvantage that a longer time was required between 


readings for the mercury in the manometer to attain a 
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steady level. The manometer tubes were kept as close 
to the tunnel working section as possible since shorten- 
ing the leads also reduced the time required between 
readings. 

The cone, with holes 1 and 2 on top, was initially set 
at zero yaw and incidence by adjusting its position until 
all the holes gave the same pressure reading to within 
0.01 in. of Hg when the tunnel was running. The yaw 
changing mechanism was then locked and the incidence 
varied from —7!/:° to 25°, pressure measurements 
being taken every 2'/2° over the range —7!/2° to +10° 
and every 5° afterwards. Calibration of the screw 
thread in the incidence changing mechanism enabled 
the angle of incidence to be measured to +3 min. of 
arc. The cone was rotated through 180°, the experi- 
ment repeated, and the mean of the results taken. Close 
agreement was found between the two sets of results 
Thus, in 83 per cent of the results, the mean value dif- 
fered from an individual value by +0.01 in. of Hg or 
less, and only in 3 per cent of the results did this dif- 
ference exceed +0.02 in. of Hg. Similar excessive dif- 
ferences also occurred occasionally between holes on the 
same generator. As they were quite random, they were 
attributed to slight irregularities in the air flow, prob- 
ably tunnel shock waves. 

Because of the positions of the holes and the fact that 
measurements were made over the range of incidences 
—7' .° to 25°, the measured pressure on any generator 
of the cone for angles of incidence up to 7!/2° is the mean 
of at least six results. Above 7'/2° it is the mean of at 
least three results. The standard deviation is slightly 
greater than 0.01 in. of Hg. 

To extend the pressure measurements, a set of read- 
ings was taken with the cone rotated through 22'/, 
from its original setting. Because of the close agree- 
iment obtained between the first two sets of results, it 
was felt unnecessary to rotate the cone through a further 


1SO 


(3) DETAILS OF CALCULATIONS 

Values of pressure corresponding to those measured 
were calculated by three methods. In all of these a 
spherical polar coordinate system based on the vertex 
and axis of the solid cone is employed, as shown in Fig. 
2. The same notation is also used when discussing ex- 
perimental results. The position of the general point 
P is defined by 7, the distance from the vertex O, 6, the 
angle between OP and the cone axis OA, and the angle 
between the meridian plane containing P and the me 
ridian plane of symmetry, ¢. The semivertex angle of 
the cone is a, the angle of yaw is e, and the free-stream 
velocity is V’. 

The first calculations are made by Stone's method for 
slightly yawed cones.* This gives the additional pres- 
sure as the first term in a Fourier cosine series and the 
coefficients in these are found from the M.I.T. tables 
The same values are then obtained 


by interpolation. 
The values of 


by the second-order theory of Kopal. 
coefficients are found from the M.I.T. tables for large 
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angles of yaw.® As has been pointed out by several 
writers, the M.I.T. tables are inconvenient to use as 
they stand since all data are given with reference to 


These 
are particularly unsuitable when comparison is to by 


spherical polars based on the wind direction 


made with measurements, and both methods are here 
transformed for use with body coordinates in accord- 
ance with the procedure set out by Roberts and Riley. 
At the same time, account has been taken of the correc. 
tion to be made to the M.I.T. tabies for slightly yawed 
cones. 

The first-order results are corrected to fit in with the 
entropy distribution proposed by Ferri.’ The Stone 
theory gives a variable entropy distribution round the 
cone which is in conflict with the requirement that the 
solid cone be a stream surface. Ferri showed that, to 
meet the latter requirement, all stream surfaces, after 
crossing the shock, curve round the cone to converge on 
a common generator on the leeward side of the meridian 
plane. Ferri then put forward a neat modification to 
the Stone theory to take account of this effect. 
illustrated in Fig. 3, which is a section of the field of flow 
on the sphere r = The 
make sections which are radial lines through F, the 
point defining the stream direction, ahead of the shock 
These are deflected through a variable angle on cross- 
According to the Stone theory, they 


This is 


constant. stream surfaces 


ing the shock. 
then end at distributed points on the cone surface. 
Thus the streamline XY would end at the point ad- 
jacent to Z. This gives a variable entropy distribu- 
tion round the cone. 
that the streamline follows the path calculated by the 


To correct this, Ferri assumes 


Stone theory after crossing the shock up to a point, Z, 
It then turns sharply to 
In other 


just outside the surface. 
follow the cone surface round to the point C. 
words, he introduces a vortical layer round the cone 
which is of infinitesimal thickness and across which the 
entropy changes from the value given by the Stone 
theory to the constant value on the cone. 

The Stone theory gives a value of the entropy on the 
cone which is a linear function of cos ¢. This is the 
value at the point on the outer edge of the vortical 
layer. At one point, B, in the meridian plane on the 
windward side, the vortical layer has zero strength, so 
the Stone value of the entropy here is equal to the value 
required on the conical surface. Hence the entropy 
change across the layer can be found right round the 
The corrected value of the pressure on the cone 
The procedure for finding the 
The details set 


cone. 
then follows at once. 
correction is given in full by Ferri.‘ 
out by Ferri are referred to shock axes, that is, spherical 
polars based on the cone vertex and axis of the shock 
cone, which is circular on the first-order theory. In the 
present application the correction has been worked out 


in terms of body axes. 


(4) RESULTS AND DISCUSSION 
The measured values of pressure coefficient, defined 


by 
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Fic. 12. Comparison of experimental and theoretical values of 


pressure coefficient 15° cone, M = 3.58, e = 5 


(yA?) [(p/pi) — 1] 


C, =2 


where y is the adiabatic index, p the pressure, /p; the 
free-stream pressure, .\/ the free-stream Mach Number, 
are shown in Fig. 4 in the case of the 15° cone and in 
Fig. 5 in the case of the 20° cone. 

To the order of accuracy shown on the graph, all 
curves in Fig. + pass through a common point at the 
unyawed value. This means that one generator, just 
on the windward side of the middle generator, is prac- 
tically unaffected by the yawing motion. The flow 
expands as we move from the windward to the leeward 
side, as we should expect, but the amount of expansion 
relative to that of compression is reduced as the angle 
of yaw is increased. When the angle of yaw exceeds 
the semicone angle, the pressure curve on the leeward 
side changes form, and a small pressure recovery takes 
At the highest angles of yaw there is a suction 
The charac- 


place. 
region on the expansion side of the cone. 
teristics of the pressure curves on the 20° cone are simi- 
lar. 

Schlieren photographs of the flow pattern in the me 
ridian plane for the 15° cone are shown in Figs. 6-11. 
The change in shock angle on the two sides of the cone 
is clearly seen. When the angle of yaw exceeds the 
semicone angle, the trace of the shock on the leeward 
side disappears. We conclude that, at angles exceeding 
this value, a homentropic expansion region develops on 
the leeward side, the flow in which is independent of the 
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flow passing through the conical shock. The conica] 
shock changes in strength from a high value in the lower 
half of the plane of symmetry to a zero value above the 
leeward side of the cone, degenerating into the free. 
stream Machcone. At the higher angles of yaw there js 
faint evidence of conical vortex shedding due to the 
cross-flow effect. Because the free-stream Mach Num. 
ber in the present experiments is high, the vortices 
tend to be swept back very close to the cone surface, 
Comparison of measured pressure coefficients with 
corresponding values obtained by calculation is shown 
in Figs. 12 and 13 in the case of the 15° cone, and in 


Figs. 14 and 15 on the 20° cone. On both cones two 


values of the angle of yaw, « = 5° and e€ = 15°, ar 
chosen. 
On the 15° cone at € = 5°, no theory is in bad dis 


The Stone first 


order curve deviates most from the observed values, 


agreement with experimental results. 


but, when the entropy correction is applied, the first 
order curve is very close to the experimental curve, par 
ticularly in the middle range of ¢. 
theory gives the closest fit to the tunnel results over the 


The second-order 
whole range. On the same cone at ¢ = 15°, the order 
of closeness of fit of the three calculated curves is unal- 
tered, although effects are more marked. On the 20 
cone at « = 5°, the entropy correction improves the 
first-order theory over most of the ¢ range but causes 
wide divergence from the experimental curve on the 
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windward face. At ¢€ = 15° on this cone, the first- 
order theory in its original and modified form is a poor 
approximation. The second-order theory gives uni- 
formly good results. 

Figs. 16 and 17 show curves of C, and Cp, respectively, 
for the two cones. On the 15° cone the corrected first- 
order theory gives very good agreement with the ob- 
served C, values up to angles of yaw of 10° but not at 
higher angles. The other calculated curves agree well 
with experiment in the higher « range. On the 20 
cone the corrected first-order theory gives much too high 
a value of C;, over the whole range and the original the- 
ory is much better. The second-order curve is quite 
close to observed values at all values of e. 

The entropy correction produces a particularly good 
Cp curve on the 15° cone and improves the original 
theory considerably, but the second-order curve is the 
best of the three. On the 20° cone the first-order re- 
sults are considerably below observed values, but the 
entropy correction brings them much too far above the 
observed values. The second-order theory is again in 
closest agreement with observation. 

The comparison of theory with experiment shows that 
cross-wind and viscosity effects are not important on 
cones at this high Mach Number. If they were, we 
should expect to find marked differences between cal- 
culated and measured values of pressure on the leeward 
side of the cone. In fact the biggest differences between 
the second-order theory and observation are found on 
the windward side. 

We conclude that the entropy correction applied here 
improves the first-order theory on cones of moderate 
angle at small angles of yaw, but does not improve mat- 
ters on cones of larger angle or on those of moderate 
angle at large incidence, for which the uncorrected 
first-order theory is poor. The second-order theory is 
in remarkably good agreement with experiment on both 
cones, even at large angles of yaw. This is particularly 
true of the integrated lift and drag coefficients, which 
are, apparently, not sensitive to the actual form of en- 
tropy distribution round the cone. 

When the work described here was complete, the re- 
sults were shown to Professor Ferri. The final com- 
ments which follow take some account of his remarks 
and, also, of remarks by reviewers of the paper. 

In its present form, based on the concept of a vortical 
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singularity, the entropy correction is only responsible 
indirectly for the improvement in first-order values oj 
the surface pressure. The vortical layer introduces 
first-order changes in the entropy and velocity distsj- 
bution on the cone, but, as Ferri‘ points out, does not 
affect the surface pressure distribution. The changes 
in pressure values obtained here, and in Ferri’s paper, 
are due primarily to the inclusion in the pressure equa- 
tion of certain first-order terms which were discarded 
in Stone’s analysis. In the second-order analysis de. 
veloped by Kopal the terms discarded by Stone are re. 
stored, so it is not surprising that second-order values of 
surface pressure are in closest agreement with experi 
ment. 

To effect a further improvement on present results, 
the authors feel that a more complete account of the en- 
tropy singularity should be taken, both in the first- 
and second-order theories. Consideration should be 
given to its influence on the whole flow pattern behind 
the conical shock and not merely on the region adjacent 
to the cone surface. In this connection the analysis of 
the singularity made by one of the present authors 
(Holt?) may be of value. 
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On Heat Transfer in Laminar Boundary 
Lavers at High Prandtl Number’ 


GEORGE W. MORGAN? and W. H. WARNER?G 


Brown University 


SUMMARY 


A study of the asymptotic behavior of the heat transfer in 
laminary boundary layers for large Prandtl] Number is presented 
The analysis is based on the observation that, for large Prandtl 
Number, the conduction term in the energy equation must be 
important only in a region that is very narrow compared with 
the velocity boundary layer, but that, in that region, both con- 
vection and conduction are essential. A transformation (based 
on the Prandtl Number) of the coordinate normal to the body 
surface leads to a form of the energy equation in which the 
appropriate convection and conduction terms can be balanced 
with respect to their asymptotic dependence on*the Prandtl 
Number, and the behavior of the local heat-transfer coefficient 
can be deduced immediately. 

The general method is applied to the well-known problems of 
forced convection over a body and of the plate thermometer, 
where it confirms results previously obtained by other methods 
The problems of natural convection over a vertical body, of the 
flow above a rotating disc, and of the Hamel converging channel 
new theoretical results are obtained for 


flow are then treated; 


these cases 
(1) INTRODUCTION 


HE PROBLEM OF COMPUTING the heat transfer 
Taio laminar boundary layers by analytical 
methods is generally a difficult one due to the compli- 
cated nature of the governing differential equations. 
The situation is considerably simplified if we restrict 
our attention to fluids (especially those with constant 
properties) with large Prandtl Number. 
the thermal boundary layer is much thinner than the 
velocity boundary layer, so that the velocity distribu- 
tions in the thermal layer can be approximated by the 
first terms in their power series expansions. Lighthill’ 
has used this type of consideration to find an approx- 
imate solution of the energy equation for plane bound- 
with 


In this case 


ary-laver flows in forced convection given 
arbitrary distributions of free-stream velocity and body 
surface temperature. Levy” has calculated numerical 
solutions to the energy equation for forced convection 
over a plate for various values of Prandtl Number up to 
20 with the simple Hartree power law distributions for 
the free-stream velocity and the body temperature. 


Schuh,’ in the process of considering the energy equa- 
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tion for the flat plate using the Hartree power law 
distribution cx” for the temperature, has introduced 
transformations of the independent variable based on 
the power ” and on the Prandtl Number oc in order to 
study the asymptotic behavior of the solutions for 
large values of these parameters. The o transforma- 
tion is of the same nature as one which will be of pri- 
mary importance in the following work, but its general 
significance does not seem to be recognized. Schuh 
uses it to write the energy equation in a nicer form but 
does not utilize its physical and mathematical implica- 
tions which enable one to determine the heat-transfer 
coefficient, as will be shown here. His resulting equa- 
tion has been solved in closed form by Punnis;‘ similar 
equations and their solutions arise in the present work 
in the sections on the rotating disc and on the Hamel 
flow. Herbeck® has considered the same basic problem 
as Lighthill and Schuh but allows a somewhat more 
general stream function and hence permits a somewhat 
different velocity distribution in the thermal layer. 
Tifford and Chu® have treated the flat plate problem 
also, using a power series development 2c,.”" for the 
surface temperature distribution, and have considered 
the behavior of solutions to the energy equation 
corresponding to the large values of m in the power 
series. This type of temperature distribution is inter- 
mediate between the arbitrary one of Lighthill and the 
simple power law of Schuh and Levy. 

In this paper, we propose to exploit the assumption 
that the Prandtl Number is large more fully by de- 
veloping an analysis for the thermal boundary layer in 
which, as a result of the large Prandtl Number, the 
thermal boundary layer appears as a narrow region 
within the relatively thick velocity boundary layer, 
much as the latter is itself a narrow region within the 
entire flow whenever the Reynolds Number is much 
larger than one. It will be shown that this method 
allows one to arrive very rapidly at partial analytical 
results at least—e.g., the asymptotic dependence of 
the temperature gradient at the Prandtl 
in cases where the differential equations are 


wall on 
Number 
still too difficult to solve exactly. 
possible to give a complete analytical solution of the 


In other cases, it is 


equations that are satisfied by the asymptotic ex 
pressions of the desired temperature functions. 

The method illustrated by means of the 
relatively simple cases of the forced convection over a 
body and of the thermometer problem, where it con- 
It will then be 


will be 


firms quickly results already known. 








applied to the more difficult problems of free convection 
over a nearly vertical slender body and to the flows 
above a rotating disc and in a converging channel, for 
which new results are obtained in all cases. 


(2) PRELIMINARY DISCUSSION: THE THERMAL 


BOUNDARY-LAYER EQUATION 

Consider the two-dimensional steady flow of a viscous 
fluid of constant properties about a body. We dis- 
tinguish between two types of flow: forced convection 
flows, where the body forces per unit mass are unim- 
portant, and natural or free convection flows, where 
the body forces are important. We wish to determine 
the behavior of the local heat-transfer coefficient for 
flows at high Prandtl Number, or, in terms of the 
standard nondimensional quantities, the dependence 
of the Nusselt Number on the Prandtl Number and the 
Reynolds or Grashof Number for large values of the 
Prandtl Number. 

Before discussing the method developed and applied 
in this paper, we wish to consider briefly the derivation 
of the thermal boundary-layer equation in order that 
the terminology used in the rest of the paper may be 
standardized. We shall reduce the equations to non- 
dimensional form for the purposes of the discussion. 

Let x; and y; be coordinates along and normal to the 
body surface, “; and v; the velocity components in these 
directions, p; the pressure, g; and 7 the body forces 
per unit mass in the x; and y, directions, and ¢, the 
let p, uw, v, cp, and k have their usual 
kinematic 


temperature; 
meanings of density, absolute viscosity, 
viscosity, specific heat at constant pressure, and thermal 
conductivity, respectively. 

The boundary conditions on velocity and tempera- 
ture which will be considered fall into the following 


classes: 
U3(%1,0) = 0, 1(%1,,0) = 0, Alm, ©) =? (2.4) 
W1(X1, ©) = U;(x) (2.2) 
U(%1, ©~) = O (2.3) 
th(x1, 0) = to(x1) (2.4) 
04/0V1'y,=9 = 0 (2.5) 


The conditions (2.1) apply in all problems; conditions 
(2.2) and either (2.4) or (2.5) will be used in forced 
convection problems; and conditions (2.3) and (2.4) 
apply in free convection. 

Consider the equations of motion and the energy 
equation. In forced convection we shall choose g; = 
r, = 0; in free convection, g. = g@(ti — ¢t,) 
ri = gB(i, —T¢ 
gravity, 8 is taken as the coefficient of expansion for 
' for gases, and ais the angle from the 


COS a, 


) sin a, where g is the acceleration due to 


liquids and as ¢ 
x-axis to the vertical direction (direction of the body 
force vector in the fluid). Introduce the nondimen- 
sional quantities x, y, u,v, p, t, g, and r into the equations 


of motion and the energy equation by the relations 


x=Lx, w=Ly, t= (t, —t,)t(x,y) +t, (2.6) 


Uvv(x, y), 
pi = pU,*p(x, y) 


u, = U(x, y), 1 = 


(2.0) 


u, = vL—u(x, y), 1 = vL—v(x, y 
pi = p(vL—')*p(x, y) ) g 
qa = v*L—*g(x, y), mn = v?L—*r(x, y) 


where Eqs. (2.6) and (2.7) hold for forced convection 
and Eqs. (2.6) and (2.8) hold for free convection 
Here L is a characteristic body length, Ly is a charac 
teristic velocity far from the body in forced convection 
[for example, Up = max Uj(x;)], and f)* is a character- 


istic temperature [for example, f)*(#/,) = max f 


if condition (2.4) applies and f)* = 2¢,, if condition (2.5 
applies]. 

Finally, introduce the nondimensional stream fun 
tion ¥(x, vy) such that wu = Oy Oy, v —OYp/Ox. The 
equations and boundary conditions become:f 


(a) Forced convection: 


dy OY dyod%y 
Oy Oxdy Ow: Oy? 


a) o*y' Op 
R-1 ( y , oY ) _ OJ 
Ox. “OV oy? Ox 


Oy O*y re Oy O*y 





Oy Ow? + Ox OVOx | 
O*y O* Op 
_R ( vy. ¥) _ 9 
On? Oxy" Ov 
Oy Of Oy Oat R ( >) 
= — (Rog)-! 4 ee 
Ov Ox Ox Oy ; On Ov" , (29 
: O° , O° O*y\" | | 
cin [4(2) 4 (2 24) 
OxOv \oy? Ors 3 
V(x, 0) = (Ov(x, 0)/dv) = 0; 
(Ov(xv, ~)/Oy) U(x); t(x, ©) = 0 
and either 
ix, @) A(x) 
or 
Ot(x, O)/Oov = 0 
(b) Free convection: 
Oy O*y - Oyoy dy O*y 
Oy OxOV Ox Oy" Ox ‘OV Oy 
Op 
Ox ¢ 
Oyoy , oY oy 
Oy Ox? Ox OVOX 7 
: (~ , OY ) Op 
ox? ' dxdy?/ oy _— 
Oy Of Oy OF © | (= ) 
Ov Ov Ox OY wis Ox" Oy" 


a oy\? (day ay)" 
K G~* | T - 
Oxy Oy" Ox." 
y(x, 0) = Oy(x, ~)/dy = 
f(x, O) A(x) 


Oy(x, 0)/dy = 
UO; tx, ©) 0: 


+t To conserve space, we have omitted all terms involving the 


curvature of the boundary in anticipation of the well-known fact 
that these are negligible in the boundary-layer formulation of the 


equations. 
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Here R is the Reynolds Number, o is the Prandtl 
Number, G is the Grashof Number, A; and K» are two 
other nondimensional numbers, and U(x) and 6@(x) are 
jimensional velocity and temperature ratios given 


nona 


by 
R= Dg/9 
oC = CoM k 
. gB(to” — f ‘iB 
\7 e" 
re: (2.33 

kK 

C,,(to” f 


K, = Lg8c, 


U(x U(x) /l 


A(x) = [to(x1) — ta]/(to* — t 


If we consider the body forces in Eqs. (2.10) more 


carefully, we find: 


= (p?/ZL lg = go cos a(t; — tf.) = 


go cos a(fy* f f(x, y 
y?/L3)r = gB sin a(t; — ¢ = 
gB8 sin a(fy* — ¢t.)t(x, y) 
so that 
q Gt(x, y) cosa, r= Gt(x, vy) sin @ (2.12) 


where G is the Grashof Number. 

From Eqs. (2.9) or (2.10) we wish to determine the 
behavior of the Nusselt Number as a function of the 
Prandtl Number and Reynolds Number or Grashof 
Number for large values of the Prandtl Number. (In 
the case of no heat transfer at the body surface, 
dt OV ,—o 

v, 0) itself on oa. 


0, we are interested in the dependence of 
The Nusselt Number is defined by 


N = Qy/[kb(to* — t.)] (2.13) 


where Q; is the heat flow per unit time through an 
element of surface, say of length Z and breadth 0d: 


— % Ot 
QO, = —kb dx, (2.14 
v7 OV: \ 0 
Thus 
; *! Of y 
N = ax (2.15 
J0 O71 y=0 


in terms of the nondimensional coordinates and tem 
perature. 

To determine .V, we first transform the equations 
into the boundary-layer equations. The normal co- 
ordinate y is changed by so-called boundary-layer 
In the case of forced convection, introduce 


4 


stretching. 
in the case of free convection, § = G’’“y. 


§= R'’*y, 
[hen, either by the usual qualitative boundary-layer 


considerations or by the search for solutions in the form 
i 


F , ae 1/2: _ 
ol asymptotic series in R’ ~ in the one case, and in G 


in the other, the hydrodynamic equations are reduced 


to the usual boundary-layer equations. The energy 
equation is also transformed; it is with the latter that 
we are concerned here. 

In forced convection, let & R' *y, y 
R~'"*w(x, £), tx, y) = T(x, € 
equation from Eqs. (2.9) becomes 


Then the energy 


Ow oT Ow oT 1 ' O 1 R YU ] 


Of Ox Ox OE dé O 


O*w \* iz ( av \ O°w O° 
K + K,R7'| 4 ? 
ie) a 1 axae/ Ox? dE 


K,R (S “4 


Ox* J 


Considering only the convection and conduction terms, 
we see that, if o is of order one, for large Reynolds 
Number the second conduction term can be neglected 
with respect to the first. For o large, however, it 
would seem that both conduction terms are small 
But we know that a conduction term is necessary near 
the body surface, for otherwise we could not satisfy the 
temperature boundary condition there. Thus, for 
large, the temperature gradient 07° O£ and its derivative 
0°7'/ O&* in the normal direction must be large compared 
to one and the ratio of the first conduction term to the 
second is even greater than for o about one. This 
leads to the conclusion that the thermal boundary 
laver is much thinner than the velocity boundary layer 
for o large. 

From the argument given above, the thermal bound- 


ary-layer equation 1s 


[(Ow 0£)(OT Ox) | — [(Ow Ox ) oT O&) | 
a '(0°?7 O&") + A,(O°x Of 2.16 


and the Nusselt Number can be written as 


- "| OT . . 
N = -—-R” da 2.1% 
v7 Of é 0 
For free convection, let & = G' y, Y= G ‘w, t 7. 


then, upon substitution of these quantities into the 
energy equation of Eqs. (2.10), we obtain the thermal 
boundary-layer equation by an argument, based on 
large values of the Grashof Number, which is exactl) 
analogous to that based on the Reynolds Number 
Thus, the thermal boundary-laver equation in fre¢ 


convection is 


[(Ow /0E)(OT /Ox)| — [(Ow/Ox)(OT OF 


ao '(0?7T /O&*) + Ax(O*%w OF 2.18 
and the Nusselt Number is given b 
N = —G'’ f = d 219 
Jo 8 0 . 


(3) DEPENDENCE OF THE NUSSELT NUMBER ON THI 
PRANDTL NUMBER; DESCRIPTION OF THE METHOD 


By the derivation given above, for large Prandtl 
Number the thermal boundary-layer equation has the 
same basic form in all cases. In each particular 
problem, a decision must be made as to the magnitude 
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of the effect of the dissipation term K (0°w/0é*)? on the 
temperature distribution; sometimes it is kept, and 
sometimes it is dropped. In any case, we have for 
large o a singular perturbation problem in the param- 
eter o~', since the highest derivative of the tempera- 
ture is multiplied by a7". 

Consider now a further transformation of the normal 
coordinate of the form 7 = o”t,m >0. This amounts 
to a further stretching of the thermal boundary layer 
based on the Prandtl Number, much as the velocity 
and thermal boundary layers were effectively expanded 
or stretched by the transformation from y to & based 
on the Reynolds or Grashof Numbers. Assume further 
that any function /(x, —) appearing in the boundary- 
layer equation which is dependent on o can be trans- 
formed by f(x, £) = o"F(x, n) in such a way that F and 
its first few derivatives with respect to 7 are inde- 
pendent of o to a first approximation in the thermal 
boundary laver. 

If these substitutions are made in the energy equation 
and if the terms in the equation which must be of equal 
importance near the boundary are balanced with 
respect to their o dependence, then the exponents m, n, 
etc., appearing in the transformation can be determined. 
This enables us to calculate the dependence of the 
Nusselt Number on o and also the dependence on o of 
other quantities of interest in particular cases. 

So far, nothing has been said about the treatment of 
the stream function w(x, £) in the energy equation. In 
the thermal layer, we can replace w by the first term in 
its — power series development for o large, since the 
thermal layer is much thinner than the velocity layer. 
The details of this treatment will be considered in each 
example. The important thing to note is that in no 
case can the initial prescribed temperature distribution 
or the prescribed free-stream velocity, when these are 
present in a problem, affect the Prandtl Number de- 
pendence to the first order; they only affect the co- 
efficients appearing in the formulas. This presup- 
poses, of course, that these prescribed conditions are of 
such a nature that they do not violate the boundary- 


layer theory assumptions. 


(4) EXAMPLE I: FORCED CONVECTION OVER A Bopy 


In the forced convective flow over a body with arbi- 
trary free-stream velocity distribution and arbitrary 
body surface temperature, the dissipation terms in the 
energy equation can be neglected in comparison with 
the conductive and convective terms. The non- 
dimensional energy equation and Nusselt Number, 
after the Reynolds Number transformation, are thus 
of the form of Eqs. (2.16) and (2.17) with A, = 0: 


w ol ow OT 7 oT 
dE Ov dx OE sO? 
(4.1) 
; oor 
Naa | dx 
/7 OV o& g 0 


For Prandtl Number large, the stream function can be 
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approximated by the first term in its & power series 





w(x, §) =A(x)& (4.9 


Note that the free-stream velocity distribution affects 
the form of A(x) but not the & dependence of w; the 
latter is determined by the surface velocity boundary 
conditions. 


We now apply the method of the Prandtl Number 


expansion of the thermal layer. Let 
7 = aE, T(x, &) = g’ §( v, n) (4.3 


Since the temperature of the body surface is prescribed, 
T(x, 0) = o"S(x, 0) = 6(x), and cannot depend on g: 
hence we have » = 0 immediately. Under the trans- 
formations (4.3) and the assumption (4.2), the relations 


(4.1) become 


PA (x)o ™n(O0.S Ox) —A’(x)o “17?(OS On) = 
ao '**"(02S/On?) | 
a (44 
N = —R'/*q" «ity OX 
/7 0 On 


Assume that S and its first two derivatives with respect 
to the variable n are independent of the Prandtl Number 
to the first approximation. Then, in order that the 
convective and conductive terms may have the same 
») 


dependence on o for large oJ —m = —1 + 2m, or 
m=+1/3. Thus, 
2A (x)n(OS/O0x) — A’(x)n?(O0S On) = O28 —s 
12.13 [° OS (4.5) 
N = —R'“a Z ite 
7 0 On 


If the integral in Eqs. (4.5) can be estimated or 
calculated from the equation for S, then a specific 
numerical coefficient can be given for the Nusselt 
Number formula. The important thing to note is that 
the o'* behavior can be derived from the energy 
equation without attempting to solve it at all. 

The o'’* dependence is well known, of course. In 
particular, the case of forced convection over a flat 
plate with constant free-stream velocity and constant 
plate temperature was treated by Pohlhausen;’ Pohl- 
hausen finds the o'/* behavior after solving the equa- 
tions by use of a similarity hypothesis and by use of 
numerical calculations for various values of o.  Light- 
hill’s' detailed analysis for arbitrary free-stream 
velocity and arbitrary body temperature again leads to 


1/3 . 
the o ’” behavior. 


(5) EXAMPLE II: THE THERMOMETER PROBLEM 


Consider now the forced convection flow over a body, 
where now the temperature boundary condition at the 
body is that of no heat transfer instead of that of a 
prescribed temperature distribution. The dissipative 
term is now important, and the full relation (2.16) 1s 
used as the nondimensional thermal boundary-layer 


equation: 
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dw 0E)(07'/Ox)] — [(Ow Ox)(OTOF)] = 


ao '(O0°?7 0&7) + Ky(0?w/OE*)? (5.1) 

Again, w(x, ) = A(x)t. Let 
yg = oF, T(x, £) = o' Sle, 9) (5.2) 
Since the boundary condition is O07) 0&;-9 = O, we 


cannot determine immediately in this case. Sub- 
stituting these relations in Eq. (5.1), we find 


"n(OS/On) = 


9Ao" "n(OS/Ox) — A’o” 
a1 *"¥2™(O25/On?) + 4K? 


If all terms are to be equally important in their o 
dependence (with S, 0.S/On, 0°S On? independent of o), 


n— m li+ns lm = 0 or m=n = i/s 


Hence, 


9A(x)n(OS/Ox) — A’n?(0.S On) = | 
(0?.S/On?) + 4+K,A? (5.3 


eo) 


T(x, 0) = o! 3S (x, 0) 


in this case, the quantity of interest is the nondimen- 
sional temperature variation from the free-stream 
temperature due to the dissipative effects 


t(x, 0) = T(x, 0) = o'*S(x, 0) (5.4) 


Again, if Eqs. (5.3) can be solved approximately for 
S(x, 0), a coefficient that is a function of x only can be 
obtained. Note the o' 
without actual solution of the problem. 

Comparison of this result can be made with the well- 


behavior is again obtained 


known treatments of other authors. The first in- 
vestigation for the flat plate thermometer (as well as 
the simple forced flow over a plate at constant tem- 
perature) is due to Pohlhausen.’ His results for con- 
stant velocity in the main stream give ¢(x, 0) ~ o'* for 
cnearone. For larger o, the o'’* relation breaks down. 
Crocco’ obtained the o' * relation for o greater than 200 
or 300 by the use of the asymptotic forms of the in- 
tegrals appearing in the solution of the energy equation 
written in his form with the stream function replacing 
the normal coordinate y as an independent variable and 
for the compressible case pu = constant). Lighthill,! 
in his general discussion of the heat-transfer problem in 
forced convection flows, also treats the plate thermom- 
eter problem for arbitrarily prescribed main-stream 
velocity and free-stream temperature. Again, the 
basic result that the deviation from the free-stream 


1/3 


temperature near the plate varies as o appears. 
Thus, by simple consideration of the boundary-layer 
energy equation, a result can be obtained which other- 
wise depends on the process of solution or approximate 


solution of the equation. 
6) EXAMPLE III: FREE CONVECTION OVER A SLENDER 
Bopy; THE VERTICAL PLATE 


In natural or free convection problems the effect of 
the buoyancy forces in the fluid adds a further com- 


plication to heat-transfer considerations in that the 
temperature effect on the hydrodynamic part of the 
problem must be considered; indeed, the latter is 
essential in producing such a flow. The appropriate 
nondimensional flow equations are Eqs. (2.10), with 
the body forces g and r given by relations (2.12 If 
the Grashof Number transformation, similar to the 
Reynolds Number transformation for forced convec- 
tion flows, is applied, the appropriate boundary-layer 
equations result. If we assume that the body surface 
deviates little from the direction of the buoyancy force, 
so that the angle a is small, the pressure gradient can be 
neglected as can the effect of the body force r. Thus 
we shall consider primarily slender bodies oriented in 
the direction of the body force g. 


The application of the transformation §& = G'‘“y, 
“1/4 . ry. . 
V(x, y) = GG’ w(x, &), U(x, y) = T(x, é leads to the 


boundary-layer equations in x and & 


Ow O-w Ww O-w b O*w 
O& OxOE Ox OF o& 


T 7 cos a 


ow OT w ol or : (~~ 2 
_ =g¢! + Ks : 
de dx Ox dE Oz? de (6.1) 
Ow (x, 0) w (x, ©) 
W(X, 0) = = = 0: 
Of Of 
T(x, 0) = O(x), T(x, = 0 


Here cos a is one, or almost one, since a = 0. 


If we now apply the Prandtl Number transformation 
for large Prandtl Number, then the behavior of the 
Nusselt Number and of the viscous shear stress can be 


determined. Let 
n = of, w(x, §) = o"Q(x, n), T(x, &) = S(x, 2) 6.2 
Then Eqs. (6.1) are transformed into 


a (~ 072 =) 
— _ — = 
On OxOn Ox On” 


o,, OL 
"ein — + Scosa 
On 
vas (= oS oa “ —_— 
° ‘ing oO -_ 
On Ox =O ~On on? 
0°2\? 
K ol tam ( ) 
On- 
O2 (x, 0) de (x, 
Q(x, 0) = ; = 0 
On on 
S(x, Oo) = Ox), S(x, o) = 0) 


In the first of these equations, we must have the buoy- 
(030. On 
of the same order of magnitude near the boundary; 


ancy term S cos a and the viscous term o 


since we have assumed that S and 2 and their first few 


derivatives are independent of o, we have that 


n+ 3m = 0. In the second equation, the convective 
and conductive terms must balance; hence x + m = 
—1+2m. Thusm = 1/4,” = —3 4, and 
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02 O°? 022 07Q 070) 
= ") = : a > COS @ 
\On OxO7 Ox On On* 
” (= oS oa 2) 
Ps 2 wal — (6.3) 
On OX Ox On 
jin wre \* 
<< my + Koo we ( :) 
On" On* 


We see that the inertial terms on the left of the first 
equation appear small compared to the viscous and 
buoyant terms for large o and that the dissipative 
term in the energy equation is not larger than the rest 
on the basis of its ¢ dependence.f 

From this result and relation (2.19) for the Nusselt 


Number, we have 


+ os 
N = —G'"*,"/4 { > 779 dx 
Jo On 


(6.4) 


and noting that the viscous shear stress is proportional 
to 0°w/O& at — = O, 


O°w OE? = a —'/*(02Q/dn?) (6.5) 


or the shearing stress r(x) is given by 


Ou; Pi _1/4 O® 
Bb = 9 - 2 
Ov pL? On- 


TX) = n=0 (6.6) 


Thus the heat-transfer coefficient in free convection 
behaves as o'/' and the shearing stress as 0 ~' There 
does not seem to be any statement of the latter result 
in the literature. 

In order to compare results obtainable by this method 
with those obtained by other authors, we select a 
particular example. Consider a vertical flat plate of 
length Z kept at a constant temperature f;(x;, 0) = t)*. 
The angle a appearing in the body force expressions is 
exactly equal to zero in this case. Assume that the 
dissipative terms in the energy equation can be neg- 
lected. The usual method found in the literature for 
treating this problem (whether the plate be considered 
as finite or semi-infinite in extent) is to search for 
solutions in terms of a similarity variable. For com- 
parison with those results, we use the similarity trans- 
formation before applying the Prandtl Number method. 


Let 
= ee . ge, £) = 4x? Fe), i (xz; £) = BE) (6:7) 


Then Eqs. (6.1) in this case reduce to the following 
ordinary differential equations in the variable ¢: 


Y ii + off’ 
h’’ + 3oafh’ = 0 


~ 2? +h =0 


f(0) = f'(0) = f'(~) = h(~) =0 


h(O) = 1 


7 It must be noted that the form of Eqs. (6.3) and the conclu- 
sions drawn from them about the relative size of terms are valid 
only in the thermal boundary layer; the inertial terms in the 
momentum equation are not negligible outside this region. 
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TABLE | 
The Heat-Transfer Coefficient .V/(Go)! 
as a Function of Prandtl Number 


o 0.733 10 100 1,000 
Schuh 0.731 0.865 0.922 0.92 
Ostrach 0.732 0.877 0.924 0.940 
Eqs. (6.14 0.924 0.924 0.924 


where the prime indicates differentiation with respect 
to ¢. 
The Nusselt Number becomes, from Eq. (2.19), 


N = —(4/3)G"*h'(0) (6.9 
and the viscous shear stress can be written as 


7(x1) = 4pv?(x,G*L 91/4 eng 6.10 


If we now apply the thermal boundary-layer expan- 
sion method based on the Prandtl Number to Eqs. (6.8 
and use the same type of balancing arguments described 
in connection with Eqs. (6.3), we determine as before 
the dependence to the first order on o of h’(0) and 


f"(0). In particular, the transformations 
1/45. tf % 3/4r . 
n= @'<C, fe) = © F(n), hg) = Hm) (6.11 
lead to the results 
N/(Go)* = —(4/3)H'(0) | 


(6.12 
[(oL9) /(xyG) |!" [r (01) (pv?) ] & 4F'(0) \ 


where /7'(0) and F”(0) are independent of o to the first 
order. 

Let us now consider the known numerical solutions of 
Eqs. (6.8) and some other approximate theoretical 
treatinents. 

Schuh’ and 
solutions of Eqs. (6.8) for various values of o. If 


Ostrach'"” have calculated numerical 


Ostrach’s values for « = 100 are accepted and if it is 
assumed that our asymptotic analysis holds for ¢ = 100, 


then we can calculate that 


—h'(0) = 0.6930''* | 
(6.13 
f"(0) = 0.796071" \ 
Hence, N/(Go)'* & (4/3)(0.693) = 0.924 | 
~ (6.14 


[(oL?) (a1G*) |! Ir (x1) (pv*)] = 
4(0.796) = 3.184 


We first compare these results with those of Schuh’ 
and Ostrach.'° Since Schuh’s results in the original! 
reference are not readily available, we have compared 
them with the values given by Squire,'! p. 806, Table §, 
and by Schlichting, '? p. 259, Table 14.4. The numbers 
given in these tables for the basic heat-transfer quantity 
[Ky/(Ra)'* in reference 11 and Nutm/(GrPr)' in 
reference 12] must be multiplied by +/2 to be com- 
Ostrach’s numbers must be 
Table 1 lists 


parable with Eqs. (6.14). 


multiplied by 4/3 to be comparable.f 
the results of the comparison. 


$ ° ‘ fs . . . . id 
t1f &, f(g), and A,(¢:) represent the similarity variable and 
functions used by Ostrach, then the relation with the present 


variables is ¢ = 2%, SW2f(¢) = files), ACO) = I(r) 
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TABLE 2 
The Viscous Shear Stress 
as a Function of Prandtl Number 


] 10 100 1,000 
) x 0 » 568 » GSO 3.184 3.260 
@ 14 3.184 3.184 3.184 


fhe asymptotic relation (6.14) agrees with Schuh’s 
results of o 100 and 1,000 almost exactly, while it 
vives a result about 6.8 per cent too high for o as low as 
ten. 

For the sake of completeness, we give in Table 2 a 
omparison of Ostrach’s figures for the viscous shear 
stress quantity with the asymptotic relation given by 
the second relation of Eq. (6.14). In Ostrach’s terms, 
*f,"(0)*. 


The result given by Eqs. (6.14) is about 6.9 per cent 


this must equal 4a! 
too large at 0 = 10; since Ostrach’s results for o = 
1,000 vary from those of Schuh in the heat-transfer case 
see Table 1), there is some doubt as to the validity of 
the comparison for o = 1,000, but the agreement 
appears to be fairly good. 

Eckert! has used momentum integral methods to 
obtain an approximate relation for the heat-transfer 
coeflicient; expressed in terms of the quantities used 
here, it can be written as 


0.9570! 4/(o + 0.952)!44 = 


0.957, 


eres _\1/4 
V (Go) 
o large (6.15) 
The coefficient 0.957 is seen to be high compared to that 
given by Schuh or by Ostrach. 

An empirical relation obtained by fitting a curve to 


experimental results is given by McAdams;' again 
adjusting to the present notation, we have 

N/(Go)' 0.775 (6.16) 
Since this is a fit primarily to the data for air—that is, 


for low o—the results of Lorenz" for oils are of more 


interest for high Prandtl Number studies. He obtains, 
as a best fit to his experimental results, the empirical 
relation 


N (Ga)! ' = 


0.754 (6.17) 
rhe discrepancy between this result and the result 
Eq. (6.14)| is probably due, as Schlichting!” says, to 
the fact that the viscosity of the oil—or of any other 
liquid—varies with the temperature so rapidly that, 
lor a given temperature range fo fo, the assumption 
that the fluid has constant physical properties used in 
the theoretical analysis may not be good enough. 

he above analysis has been carried out for a plate of 
finite length. 
characteristic length exists, the results obtained still 
apply. 


For the semi-infinite plate, where no 


Instead of the Grashof Number based on the 
length L, a Grashof Number based on the distance x 
along the plate or on some average length Z of a region 

— x, away from the leading edge where the laminar 
flow hypothesis holds can be used. Also, the Grashof 
Number as defined here occurs together with the length 
Lin such a way that the combination can be reduced to 
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2 lee . »y1/4 
the similarity parameter C = [gG(to — f¢ ty?]'’" used 


by Sguire'! and others in their treatment of the semi 


infinite plate} For instance, the combination 
9 /¢73\ + 1/4 te 
(L°/G3) appearing in Eqs. (6.14) for the shear stress 


a ae 
reduces to (4C* é 


(7) EXAMPLE IV: THE ROTATING DIS 

An example of an axially symmetric flow using the 
full Navier-Stokes equations to which the asymptotic 
expansion technique developed here is applicable is that 
of the infinite plane disc rotating about an axis perpen 
dicular to it with a constant angular velocity w. Let 
(r, 0, z) be cylindrical coordinates, with z 0 the plane 
of the disc, and (u, v, w) the velocity components in 
Von the 
hydrodynamic equations can be reduced to ordinary 


these directions. Karman" has shown that 
differential equations in the variable z. He has noted 
that, although the analysis is based on the full three- 
dimensional Navier-Stokes equations, the 
flow near the plate is consistent with the Prandtl 


resulting 
boundary-layer hypothesis. The ordinary differential 
equations of von Karman can be made nondimensional 
by appropriate transformations; the solutions to these 
latter equations have been given in numerical form by 
Cochran.'* Recently Millsaps and Pohlhausen'’ have 
considered the associated heat-transfer problem with 
the plate at constant temperature ¢ = ¢,,* and the 
distant fluid at constant temperature / t They 
found that a reduction of the form of von Karman’s 
velocity transformations could be applied to the 
temperature ¢, thus changing the energy equation into 
differential 
coupled with Cochran’s 

numerically by Millsaps and Pohlhausen for values of o 


two ordinary equations in 2. These, 


results, have been solved 


up to ten. In this section the problem will be consid- 
ered for large o, and variable disc temperature and 
asymptotic solutions will be obtained for the case when 
the disc temperature varies as r*, \ > 0. 

The substitutions u = rf(s), v rg(z), Ww h(z), 


p = p(s) reduce the hydrodynamic equations to 
ordinary differential equations for f/f, g, h, p. The 
energy equation becomes 
Of ov k/do%t 10 OF 
Cp (7 +h = - + tI 4 
or Oz p \Or: r or Oz 
y(12f? + r°e’? + r2f”? (7.1 
We assume the solution in the form 
t = r*s(z) + q(r, 2 @.2 


+ A detailed discussion of the work of Schmidt and Beckmann, 
Pohlhausen, Schuh, Saunders, and others on natural convection 
is given by The work of Merk 
on the development of the similarity hypothesis and its use in 


Squire.! recent and Prins" 


connection with the Saunders polynomial method or a refined 
Squire-Eckert integral method for approximate solution of the 
equations is also of interest; Merk and Prins treat some addi 
tional natural convection problems, such as the flow near the 
Again, of course, for large 
Number 


lower stagnation point of a sphere 


Prandtl Number, the (Go I behavior of the Nusselt 


appears 
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This is similar to the solution assumed in reference 19, precludes any explicit dependence of Q on co. Since d 
but there g is a function of z only. Substitution in Eq. the thermal boundary layer is expected to be much ni 
(7.1) leads to the following equations for s(z) and g(r, 2): thinner than the velocity layer, the velocity components F 
eofe + hs’) = (b/p)s”” + ofp’? +f" (7.3) can be approximated by the Felations Ga 7 Sub. - 
stitution of Eqs. (7.7) and (7.9) into Eqs. (7.8) vields 
Cy G ~ +h ) : y ee 7 e) ae f 
7 : : wl? \ OR? ROR On” 
k O°g log , O°g ais 2 
(4: -=—. + + ‘) + 12vf* (7.4) oe Oe” . «2. mele) 
p or” r or Oz” a AnR +o An 
OR On 
The boundary conditions ¢(7, 0) = ¢,(r) and (7, «) = ft, : oor - , 
a constant, are satisfied by requiring ied Co(to* — te) = (7.10 
ae 12vwA* M 
s(0) = s(e) = O, g(r,0) =¢t,(r), gl,-) =t (7.9) o ” ©: 
Cy(ty* — to) 
Since s satisfies a nonhomogeneous equation and wee aes 
homogeneous boundary conditions, its existence is oe Tae ee “Jeo . 
entirely due to the nonhomogeneous terms representing —0(A* + B?) an 
dissipation. The function g results from the imposed Since the dissipative terms must be retained in the 7 
temperature difference ¢,, — tf» as well as from dissipa- second equation (without them S would be identically 
tion; the latter factor will be seen to be negligible, zero), we must have mn + 2m = 1. Substitution of this le 
however. In rendering the equations dimensionless, relation into the first equation immediately shows that 
it is therefore convenient to use different characteristic the two terms on the right side —the conductive term S$” 
quantities for r*s and q, respectively. We set (which is indirectly due to dissipation) as well as the 
(-iZ dissipative term A 2n?—are of order ¢'~°” and hence are . 
dominated by the convective terms of order o ~” on d( 
z= (v/w)'/"E the left side (since m must be greater than zero 
f = wF(é) Hence the conduction term 0°Q* dn’, which must be 
retained, has to be balanced by the convection terms 
£ = wh(§) (7.6) Thus, setting 2m = 1 — m, we obtain m = n = 1/3 = 
h = (ww)'H(¢) In terms of the dimensionless quantities, the asym] tio 
totic expressions for temperature and for temperatur 
S = (w*/cp)S(§) gradient at the disc are 
t 
g = (tw* — to)Q(R, &) + te t = L?R*(w?/c,)o'°S*(n) + roan 
where 1 denotes a characteristic length to be decided ot — FE 9) TE Th 
upon and /,,* denotes a characteristic wall temperature. or W\1/2 -. « 1/3 = 1 
The beginning terms in the power series developments _— = (“) es fii 
of F, G, IT are Lo? eee d0*(R, 0) ] 
; a ‘°R*S*'(0) + | 
F= At, G=1-—-— Bt, H = —Aé (7.7) Cyl” — te) On iS 
where 4A = 0.510, B = 0.616 as given by Cochran." We must now distinguish between two cases. _ If the . 
The equations and boundary conditions for Q and S disc temperature ¢,,(7) is constant—1.e., hy = ty” ther - 
become the only characteristic length in the problem is (vw): 
and / is chosen to be equal to this quantity. The 
(oe < 4 ‘. O°? « one 00 coefficient multiplying R*S*’(0) in Eq. (7.11) then | 
wh? \OR? ROR og OR becomes o!/*vw/c,(ty* — t»), and its magnitude de 
oll od = byw s_ termines the relative importance of the two contribu " 
of Cy(ty* — to) tions (by S* and Q*) to the temperature gradient. I! Pol 
12yw ~ (7.8) this case Q* is a function of » only. From the first o! her 
a Co(ty* — to) Fe “i Eqs. (7.10) it is seen that the two terms on the right art T 
negligible whenever a '/?yw Cy(tu* — to) << 1. Its ula: 
=~ 0s — «FS = ~of FP" + G6) | also seen that the contribution that these terms make cor 
S(0) = S(~) = 0, Q(R,0) = to Q* and hence to the temperature is much smaller diss 
(ty — to) /(te* — to), O(R, ~) = 0 than the contribution made to the temperature by Thi 
whenever o is large. In the second case, that of vari 
To determine the asymptotic behavior for large o, able wall temperature ¢,, the temperature f,,* together : 
we set with a characteristic magnitude of the wall temperaturt side 
n = ot, O(R, &) = O*(R, 7), S(&) = o"S*(m) (7.9) gradient dty dr define a length that is the characteristt ye 
length Z for this problem. We then see from the firs hie 
noting that the boundary condition on Q at the disc of Eqs. (7.10) that the conduction terms involving solu 
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derivatives of Q* with respect to R (in brackets) are 
negligible provided o “8p /wL?) << 1. 
tive term involving 0Q* OR is of the same order as the 


The convec- 


other convective term. 
The asymptotic forms of Eqs. (7.10) and the boun- 
dary conditions when ¢,, = ¢,* aret 
(d?Q* ‘dn*) + An*(dQ*/dn) = O 
ger os An? S*’ —_ 2AnS* i (A? 3 B?) (7.12 


S*(0 S*(o)= 6. COCO) =4,. OX) = 


When the wall temperature is variable, the equation for 
$* remains unchanged, but the equation for Q* becomes 


0°0* On?) + An*?(OQ* On) — AnR(OQ* OR) =0 (7.13) 


and the boundary conditions are given by the relations 


1.9). 
The solutions of the system (7.12) in terms of the 


functions Q(é), S(&) aret 


¥: 
V¢ l (: a /B)E 73 
(HE) = e * agé 
— r(43)\3/ J: 
8 B1(5/3) (3\'4 7 
S(¢ g2 4 x (7.14) 
2 2 T (4/3) \a 


“ 94a. 
ce BIST Pp ° ° cs 
S 9’ 9’ 9 © 

odo @ 


the confluent hypergeometric func- 


yn 


where ®(a; c; x) 1 


tion satisfying 


xu(d?*@/dx?) + (c — x)\(d@ dx) — ab = 0] 


(7.15) 
and a=Ao, B= (A?+ B*)a \ 
rhe derivatives at the wall are 
dQ(0 13 dQ*(0) Maer 
; = Co —o = 
dé dn (4/3) 
. (7.16 
dS(0 »/3 4S*(0) 9/34? + B?/3\'" 
eal =o 
dé dn 2 A 
or (with Cochran's values for A and B) 
dQ*(0) dyn = 0.620 / 
(7.16a) 


dS*(0)/dy = 0.584 


To compare these results with those of Millsaps and 
Pohlhausen, it must be noted that the function Q used 
here corresponds to a sum of functions Q; + Q» 
(7) — T<) used by them. 
ular integral of the first of Eqs. (7.8) and hence 


Q» is essentially the partic- 


corresponds to the contribution made to Q by the 
dissipation which is negligible in our analysis for large o. 
Thus our Q(£) corresponds to their Q;. Table 3 shows 

t Equations of the general type of that for S(¢) have been con- 
sidered before in heat-transfer work; see, for example, Schuh® 
ind Punnis.4 

} The transformation of the S equation into the confluent 
hypergeometric equation and the obtaining of the appropriate 


solution are discussed in reference 20 
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TABLE 3 
dQ(0)/dé and dS(0)/dt for ¢ = 10 
at Constant Wall Temperature 
dQo dé dS(O dt 
Eq. (7.16 —1.34 2.7 
Reference 19 —1.1 2 


the results for the temperature gradient at the wall 
found in this analysis and by Millsaps and Pohlhausen 
for ¢ = 10, which is the largest value for which they 
have carried out computations. 

Evidently the approximation is good only when o is 
considerably larger than 10. We note that the asymp- 
totic approximation for Q, the response to the imposed 
temperature difference, can be expected to be good for 
much lower ¢ than that for S, the temperature rise due 
to dissipation. This situation may be expected to 
exist in all similar problems and may be made plausible 
on the ground that for large o—1.e., small conductivity 


(v, cp, fixed)—the heat diffusing from the boundary 


(assuming f,* > f~) cannot penetrate far into the fluid 
before being swept away by convection, while the heat 
due to dissipation is created wherever the velocity is 
appreciable. Thus the thermal boundary layer due to 
dissipation must be expected to be thicker than that due 
to an imposed temperature difference, and therefore the 
asymptotic approximation, which is based on the 
assumption of a very thin thermal layer, is not so good 
No other results for large Prandtl Number, either 
theoretical or experimental, appear to be available for 
comparison at the present time. 

Turning to the problem with variable wall tempera 
ture, we note that, from Eq. (7.11), the asymptotic 
variation of the temperature gradient with o is inde 
pendent of the particular boundary condition. Solu 
tions of Eq. (7.13) may be obtained readily for the 


particular boundary condition 
Q*(R,0) = R*, A>O (7.17 
If we seek solutions in the form 
QO*(R, n) = R*x(n (7.18) 
then x must satisfy the equation and boundary condi 
tions 


x’ + An*x’ — AAnx = O / 
(7.19) 


x(0) = 1, x(~) = 0 \ 


This equation is a generalized form of the second of 


Eqs. (7.12), for which AX = 2. The substitutions 
= A(n? 3). x 
x(n) = ne x 
A . 
x = n (7.20) 
3 | 
x*(n) = P(x 
lead to Eq. (7.15) for ® with c = 4 3,a = 1 +4 (A/3). 


The solution satisfying the boundary conditions of 


Eqs. (7.19) is 
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4 1/3 ; j 2 1/3 
x(n) = (;) ne — (3) U/] a 
P+ 2 & 


A? r(2/3)r[1 + (A/3)] 
a r{(2 + d)/3)P(4/3) 


4A 
ra pre er” ryt (7.21) 
3 / 


5) 5) 
:, ; * 1/3 yy [ (6 
where ;/,[1 + (A/3); 4/3; x] and x iF, [(2 + A)/3; 
2/3; x] are two linearly independent solutions of Eq. 


(7.15) and are defined in Magnus and Oberhettinger.”° 


The derivative at the disc is 


(4) $1(2/3)r[1 + (A/3)] ; 
= (4.22) 
3 r[(2 + d)/3]r(4/3) 


This result with the 
previously [Eq. (7.16)] for the special case of constant 


x’(0) = 


is seen to agree one obtained 


disc temperature (A = 0). 


THE FLOW IN A CONVERGING 


CHANNEL 


(8S) EXAMPLE V: 


The Jeffery-Hamel flows?!” in converging or diverg 
ing channels are other well known examples of flows for 
which the exact Navier-Stokes equations can be reduced 
to ordinary differential equations. Recently Millsaps 
and Pohlhausen”’ have reduced the energy equation to 
an ordinary differential equation and have obtained 
numerical solutions for the thermal distribution when 
the wall temperature is constant. We shall here con- 
cern ourselves with the converging channel for large 


Reynolds and Prandtl Numbers and variable wall 
temperature. 
Let the straight walls be defined by the lines @ = +a, 


6 denoting the angle in a plane polar coordinate system 
(r, 0). A steady radially inward flow is introduced 
with a volume flow V per unit time past any section 
ry = constant. The wall temperature is ¢,(r). The 
velocity has a radial component “, only which is pro- 


portional tor~!. Let u*(r) denote the average velocity 


over a section r = constant, so that V = 2aru*(r), and 
let u,(r, 0) = yu*(r). Setting 
u,(r, 0) = u,(r, O)f(0) = [yV/(2ar) |f(6) (8.1) 


the radial momentum equation gives, after differenti- 
ation with respect to @ to eliminate the pressure term, 


f’’’ + (4 — 2Rf)f’ = 0 (8.2) 


where R = —yI 2av = —ru,(r, 0)/v denotes the 
Reynolds Number, the negative sign being introduced 
to make K positive (lV being negative). The boundary 


conditions are 
f(—a) = 0 
f(O) = 1 
f(a) = Ofor f’(0) = Q] 
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The energy equation becomes 


Oo k [O° 1 Of Ll oF 
Cpr = F + = i = + 
Or p \Oor- r Or r- O8- 
& -)) - 
y Sag {f= + f S.4 
2 a y” 
Assume the solution in the form 
{= [s(0) y?) + gir, 0 85 


his is similar to the form assumed in reference 23, but 
there q is a constant equal to the uniform wall tempera 
ture. Substitution in Eq. (8.4) leads to the following 
equations for s and q. 
s’’ + (4 — 2oRf)s = — a(1 Cy) ly V/(2a) |? X 
(4f- = f’2 | 
S.6) 
0°q | Og 1 O°g f Og 
= $- ——— 4. — — + oh = 0 
or- yr or r- OO r Or 


The boundary conditions f(r, +a t,.(7) are satisfied 


0] | 
rey 

on d = 0| 
O80 9-0 


s satisfies a nonhomogeneous equation and 


by requiring 


s(a) = VO lor s’(O) 


Since 
homogeneous boundary conditions, its existence is 
entirely due to the nonhomogeneous terms representing 
dissipation. The response to the 
imposed wall temperature. 
ty*, then the obvious solution of the equation and 


function gq is the 


If the latter is a constant, 


boundary conditions for g is q(7, 0) = ty*. 

We are concerned with solutions for large o when the 
thermal layer is thin, so that /(@) can be replaced by its 
first term in a power series expansion about 6 = +a 
Since this term (essentially the shear force) depends on 
R, we shall here simplify the problem by confining our 
attention to large RX. In this case a simple dependence 
on R& is readily given by boundary-layer theory.” We 


set 
s = (1/c,)[yV/(2a@) ]?S(¢) 
g(r, 0) = ty*{1 + Q(r, ¢)] 
8 
f(0) = T(¢) 


g = R'”(6+ a) 


where we consider the flow in the range —a < 6 < 0, 
and ¢,,* is a characteristic wall temperature, say, the 


temperature at infinity. Eqs. (8.2) and (8.6) become 


7r’’’ + (4R-! — 2r)r’ = O 
S’’ + (4R-! — 2e7r)S = —o(4R-'!7? + 7’?) 
0°O 10Q 1 o°O (8.9 
R-1 1 
or? r Or r? O¢? 
rT OO 
o = 0 
r Or 


For large Reynolds Number the terms containing R 
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HEAT TRANSFER IN L 


in the first two equations are immediately seen to be 
negligible. The leading term of the solution for r+ 
subject to the appropriate boundary conditions 7r(0) = 
0, r( lis**z(y) ~ (4/3)'/"y. As usual, the energy 
equations present a singular perturbation problem when 
7islarge. Replacing r by the first term in its power 


series and setting 


e=c'e, Slo) = ¢'S*(9), O(r, g) = O*F(r, 7 (8.10) 
we obtain 
r ger’ — 9(4/3)'" 9" ~*** gS? = 
—(4 S)o 
0°0* | oQ* = Lage” 
R27 —- + R” Page + (S.11) 
Or r or r? On’ 


I “(22 2e" 
o = 
3 r or 


Since conduction, convection, and dissipation must 
balance in the first equation, 2m +” =1—m-+n= 1 
and m n = 1/3. In the second equation the con- 
vection balances the conduction normal to the wall, 
and the conduction parallel to the wall is negligible 
°° <<1. Thus the asymptotic solu- 


tions for large o must satisfy the equations 


provided R lg 


S*”’ — 2(4/3)'"nS* = -4/3 | 
(8.12) 
(020* On?) + (4/3)'“nr(0Q*/dr) = 0 
The boundary conditions are 
S*(0) = O, lim S*(n)—finite | 
(8.13) 
Q*(r,0) = tyr) /te* — 1, lim Q*(r,n)—finite | 


where the limiting boundary conditions on the asymp- 
totic solutions replace the original exact symmetry 
conditions at 6 = 0. 

In terms of the dimensionless quantities, the asymp- 
totic expressions for the temperature and for the 
temperature gradient at the wall are 


t= (v?/c,)o'/?R2[S*(n) /r?] + ty*[1 + O*(r, 0) ] 


Of Y saweno’ 
= oa - 


086 » - C; r- 


by*o'/*R' 


(8.14) 
» OQ*(r, 0) 


On 
The solution for S* may be obtained in terms of 
Bessel functions of imaginary argument. It is 
ok 1/3 3/2 
S*(n) = bz ‘"g(s), where z = an 
‘ 9\1/4 
a = (4/3)(1/3)’ 
b = (2/9)(12)\"r 
(8.15) 
3) = [1,3 (3) + T~1/3 (2) / Th /3 (€)dé — 
JW 
es 
I 3 (3) ] I 1/3 (E)dE 
7 
and 


LAMINAR 


BOUNDARY LAYERS 947 


5*’(0) = (3/2)a’’” 0 lnm {[s°'"e'(s) 4 | 


A comparison of this result with those of Millsaps and 
Pohlhausen** (given in graphical form for three values 
of the Reynolds Number and various ¢) cannot properly 
be made because their calculations are restricted to a 
maximum value of ¢ equal to ten and because the value 
of the temperature gradient at the wall cannot be read 
accurately enough from the graph for present purposes. 

Turning to the function Q*, it has already been 
noted that the solution for constant wall temperature 
t.* is O*(r, ») = 0. The asymptotic variation with o 
of the temperature and temperature gradient at the 
wall is seen by Eqs. (8.14) to be independent of the 
particular boundary conditions. Solutions for 0* may 
be obtained readily for the particular boundary condi 


tion Q*(r, 0) proportional to r~*, \ > 0. To make » 


that (I? /c)t,*)'? 
appropriate length, so that we may set 


dimensionless, we note defines an 


p= ty" (Cyty*) } “—, O*(r, 9 (E, )] A 
(S.17) 
and y(é,0) = &™", A>O \ 
Seeking solutions in the form 
x(&, 0) = E-*x* ly (8.18) 


(8.19) 


x*(0) = 1, lim x*(n)—finite 


The solution may be written in terms of modified Bessel 
functions. It is 


1 3 9/2 
>) (2/3) 


x*(y) = 51/3 (an” oo °K, 3(an” *) (8.20) 
2° 
where a = (2/3)8'*, B= (4/3)'”"r 
and x*’(0) = 1831/69 /3)n'/4/T (1/3) (8.21) 


(9) OTHER EXAMPLES 


The method illustrated in the foregoing sections has 
been applied successfully to other well-known problems. 
Among these is the problem of the thermal entry length 
in a pipe with fully developed Poiseuille flow.'' The 
problem of the heat transfer associated with the flow 
along a surface of revolution near the forward stagna- 
tion point is completely analogous to that of the rotat- 
ing disc treated in Considering that 
portion of the solution which gives the temperature 


Section (7). 


distribution due to a temperature difference between 
the wall and the fluid far away [denoted by g in Section 
(7)], we note that the solutions obtained for the disc 
apply to the present problem, provided we replace w by 
8, and A by f’’(0), where “, = §:r denotes the radial 


velocity component away from the surface and u = 
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Birf'(€) with & = (A; v)' *s gives the radial velocity in 


the boundary laver.** 


(10) CONCLUSIONS 


The method of asymptotic approximation for the 
thermal boundary-layer problem developed here seems 
to give a relatively rapid way of obtaining information 
analytically from the differential equations governing 
heat transfer, even when these equations cannot be 
solved. It is worth noting that the method depends on 
the form of the equations and the type of boundary 
conditions only and is independent of the precise values 
of the physical constants of the flow or of the exact 
description of the conditions at the boundary of the 
body. Thus, the forced convection type of problem 
neglecting dissipation always leads to the o'/° behavior 
for the heat-transfer coefficient for large values of co. 
The natural convection problems will lead to the o' 
behavior of the same quantity. To be sure, the de- 
termination of the coefficient multiplying the o'/’ or 
o'/* will depend on an exact description of the particular 
problem, but the process of obtaining the asymptotic 
behavior with o of the various quantities does not. 

One cause of difficulty in the comparison of such 
asymptotic results with those obtained by experiment 
arises from the nature of fluids for which the Prandtl 
Number is large. As we mentioned in the section on 
the free convection problem, for such a fluid—oil, say 
the viscosity usually varies drastically with the tem- 
perature. Thus, if the temperature range considered is 
sufficiently large, the viscosity may vary enough so that 
the assumption that the fluid possesses constant 
properties is no longer valid, and the boundary-layer 
equations as used here are not adequate as a description 
of the phenomena. 

In summary, we have shown that the new method of 
“thermal boundary-layer stretching’’ based on the 
Prandtl Number is applicable in some well-known 
problems, and that its use has led to new results and to 
theoretical confirmation of previously derived em- 
pirical and numerical results in the case of free con- 
vection over a vertical plate, in the case of the Hamel 
fiow, and in the case of the rotating disc. It is hoped 
that the method will be of value in further problems, 
where only numerical and very approximate analytical 
treatments for large Prandtl Number have been 


possible before. 
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The Behavior of Transverse Cylindrical and 
Forward Facing Total Pressure Probes in 
Transverse Total Pressure Gradients 


J. L. LIVESEY’ 
University of Manchester, England 


SUMMARY 


When a total pressure probe is used for measuring flows with 
transverse total pressure gradients, a displacement of the effec- 
tive center of the probe toward the higher total pressure is 
observed. This paper gives the results of an in 
effect for certain transverse cylindrical and 
An estimate 


sometimes 
vestigation of thi 
forward facing (or pitot type) total pressure probes 
of the error is given for the transverse cylindrical type of probe, 
and the errors due to position of hole, depth of hole, and wall 
proximity with this type of probe are considered incidentally 

A design of a probe of the forward facing type possessing 
negligible displacement error is suggested 


(1.0) SYMBOLS 


D outside or maximum diameter of either cvlindrical or 


pitot type probe 


d = hole diameter for cylindrical type probe or internal 
diameter for pitot type probe 

a = distance of hole center from tip of cylindrical probe 

y distance of geometric center of hole from wall, in 

E displacement of effective center of probe from its 


geometric center 
‘3 total pressure 
static pressure 
Q) tunnel dynamic pressure 
dynamic pressure obtained from total pressure indicated 
by probe and wall static reading 
‘ true dynamic pressure 


(2.0) INTRODUCTION 


§ pumas CYLINDRICAL total pressure probes are 
extensively used in gas turbine aerodynamic work; 
for ease of insertion and removal in traversing they are 
preferable to forward facing or pitot type probes, 
especially in confined spaces such as duct boundary 
layers, combustion chambers, and in interstage trav- 
ersing. In Fig. 1, (a) shows the forward facing type 
of total pressure probe and (b) the transverse cylindrical 
type 


rhe errors of cylindrical total pressure probes have 


been investigated previously, and references 1 and 2 
deal with the errors due to size of hole, angle of in- 
the tube, hole. The 


recommendations of these reports are discussed later. 


clination of and position of 


Previous work hy Young and Maas (see reference 3 

on pitot type total pressure probes in transverse total 
Received September 1, 1955 

* Lecturer in Mechanical Engineering 
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pressure gradients indicated an error, and, in conse 


quence, a similar error was expected from the cylin- 


drical type of probe under similar circumstances. 
This paper deals primarily with the errors of cylindrical 
total pressure probes in transverse total pressure 


gradients; the errors due to position and depth of hole 
are treated incidentally. 

Measurements of a boundary layer used as standard 
were made, using pitot type total pressure probes, 
in order to establish a true boundary layer with which 
the errors of the cylindrical type probes could be 
investigated by comparison. During this work it was 
observed that the results for pitot type probes were 
in disagreement with the work of Young and Maas 
It is probable that this work which has been taken as 
generally applicable by other workers, notably Fage 
® is only applicable to pitot type probes 
The latter part of this report 


and Ower,' 
with square-cut faces. 
deals with the errors of pitot type probes in transverse 
total pressure gradients and with a method of reducing 
the error by correct design of the pitot probe nose. 
(3.0) APPARATUS AND TESTS 


The tests were carried out in the 7- by 5-ft. 
tunnel at Rolls-Royce, Ltd., Hucknall, England. A 
artificially 


wind 


grid was used to produce an enlarged 
boundary layer downstream of the working section 
of the tunnel. The general arrangement of the tunnel 
working section as used in these tests is shown in 
Fig. 2. The boundary layer produced was traversed 
using two geometrically similar pitot type probes of 
0.056 the 
boundary layer accurately; incidentally, these tests 
could be used to check the work of Young and Maas 
for the application of their corrections to boundary 


The boundary layer thus established 


and | in. diameter in order to establish 


layer traverses. 
was then traversed using four geometrically similar 
cylindrical type probes of | S-, 1-, 2-, and 3-in. outside 
diameter, and the effect of the position of the hole 
was investigated using the 2-in. diameter probe 
Further tests were carried out using pitot type probes 
of different inside to outside diameter ratios d D and 
with different nose shapes. 

The details of the cylindrical type probes used in 
the tests are shown in Fig. 5. 

The 3-in. diameter cylindrical probe was made of 


wood and the tapping from the stagnation hole was 
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(bJ TRANSVERSE CYLINDRICAL 


Fic. 1. The two types of probe considered 





brought along the downstream side of the cylinder. 
The 2-in. and 1-in. diameter cylindrical probes were 
made from 18-gage mild steel tube fitted with wooden 
Initially the 
stagnation holes were simply drilled; after the first 


plugs to form the hemispherical ends. 


tests wooden plugs were inserted behind the stagnation 
holes to give the deep hole found necessary to eliminate 
the error due to a shallow hole. The 1/S-in. diameter 
cylindrical probe was made from thick walled tube, 
the end being filled with solder and then drilled to 
produce a hole 4 d in depth. 

The pitot type probes were of the main proportions 
shown in Fig. 4, several different nose shapes being 
used. The two pitot type probes used to establish 
the standard boundary layer were geometrically 
similar withd/D = 0.7 and had conical noses of included 
angle 8'/.°. The outside diameters (D) were, re- 
spectively, 0.056 in. and | in. The l-in. probe is 
shown in Fig. 4(a). The effect of diameter ratio 
d/D in the conical nosed probes was investigated by 
traversing with a |-in. diameter probe having d/D = 
0.5 with the same cone angle of 8! lsee Fig. 4(b)]. 
The effect of nose shape was investigated, using a 


hemispherically nosed probe with d/D = 0.5 [see 
Fig. 4(c)] and a flat nosed probe, not shown in Fig. 4, 
having d’D = 0.6—1.e., the type used by Young and 
Maas. 


(4.0) Test RESULTS—CYLINDRICAL TYPE PROBES 
witH d/D = 0.12 


4.1) Effect of Depth of Hole 

When the first tests were made with the cylindrical 
type probes, it was discovered that the four probes 
were not giving the same type of error—the 5-in. and 
|/8-in. probes gave the same type of error but the 
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l-in. and 2-in. probes gave another type, the two pairs 
of probes differing considerably in their respectiy; 
indications of the level of velocity at any particular 
point in the traverse. This was found to be due to 
the type of stagnation hole used in the side of th 
cylinder; the 1-in. and 2-in. probes were manufactured 
from 18-gage mild steel tube giving a comparatively 
shallow hole (depth/ diameter 0.4 and 0.2, respe: tively 
whereas the 3-in. tube was of wood, giving a deep hole, 
and the 1/8-in. tube was of thick-walled brass tube, 
giving a comparatively deep hole (depth diameter 
2.41). See Fig. 3. 

Fig. 5 shows the type of error due to this effect for 
the 2-in. probe. The full line shows the boundary 
layer profile obtained using a hole depth of four times 
the hole diameter (formed by a wooden plug—see 
Fig. 3) and the broken line indicates the profile ob 
tained using the shallow hole (0.048-in. deep). 

This error is considered to be due to secondary 
flows, which occur inside the cylinder, preventing the 
A deep 
hole will prevent these flows, and the pressure measured 
For the 


remainder of these tests a hole depth of 4+ d was used 


actual stagnation pressure being registered. 
will be effectively the stagnation pressure. 


in all the probes this being the greatest depth which 
could be obtained practically in the 1 /8-in. probe. 

Since the error is a certain percentage of g (not the 
gradient) it would naturally be corrected for in a 
regular pipe calibration of the tube. 


4.2) Effect of Position of Hole 


The flow round the hemispherical end of the cylin- 
drical type probe will cause a local displacement of 
the main flow outwards from the wall, and the effective 
center of the stagnation hole will, therefore, be moved 
toward the wall by an amount depending on the 
distance of the hole from the end of the probe. It 1s 
possible to remove this error by placing the hole 
sufficiently far away from the end of the probe. On 
the other hand, it is convenient to have the hole near 
to the end of the probe in order to traverse as far across 
a duct as possible for a given total insertion of probe 
e.g., to get as near as possible to the level of the inner 
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diameter in interstage traversing. Tests were carried 
out to determine a suitable distance from the end of 
the probe which would make this error negligible. 
Fig. 6 shows ihe results of traverses of the boundary 
layer using the 2-in. diameter probe for values of a/D 
equal to 0.59, 0.93, 1.33, and 2.10. It can be seen 
that the displacement of the effective center of the 
probe, as the hole is moved toward the tip of the probe 
is toward the wall. Fig. 7 shows values of ¢/Q plotted 
against a/D for several values of y, and it can be seen 
that for values of a/D greater than 2.0 there is little 
further change in g/Q. These results show that, for 
values of a/D greater than 2.0, the error due to the 
position of the hole will be negligible. The standard 
value of a/D used in subsequent tests was 2.1. 

The results obtained here are in agreement with 
references 1 and 8, which also recommend that a/D 


should be greater than 2. 


4.3) Effect of Transverse Total Pressure Gradient 


Previous work (see reference 3) has indicated that 
when a total pressure probe is used to measure flows 
with total pressure gradients or vorticity —e.g., bound- 
ary layers or wakes—a displacement of the effective 
center of the probe toward the higher total pressure is 
observed. The mechanism of this displacement is 
that of induced secondary flows caused by the presence 
of a body of finite thickness in a flow possessing vor- 
ticity —e.g., a boundary layer or a wake—and has re- 
ceived much attention by other investigators (see 
reference 7). The vortex lines which are straight in 
the undisturbed flow become curved due to the dis- 
tortion of the flow near the body, and secondary 
components of vorticity are introduced which have 
the effect of displacing the streamlines toward the 
lower total pressure regions—i.e., toward the wall in 
a boundary layer. Referring to Fig. 8, if P, is the 
total pressure of the streamline which lies at the same 
distance from the wall as the centerline of the probe, 
then this streamline will be deflected toward the wall 
by the presence of the body (the probe tip in Fig. 8) 
and the streamlines actually stagnating in the probe 
will be those corresponding to higher total pressures 
such as P,, which were originally further from the 
wall than the centerline of the probe. Thus the 
probe will measure a total pressure at a distance 
farther from the wall than its centerline and its effective 
center may be said to have been displaced toward the 
higher total pressure. 

In order to investigate this effect for cylindrical 
type probes the standard boundary layer was traversed 
using four geometrically similar probes of 1/S-, 1-, 2-, 
and 3-in. diameter. Details of the probes have been 
given previously in Section (3.0). Fig. 9 shows the 
profiles obtained from the four probes. It can be 
seen that the effective center of the probe is in fact 
displaced away from the wall toward the higher total 
pressure, and that this displacement increases with 
the diameter of the probe. At the wall there is an 
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unusual effect, the tube apparently reading the same 
total pressure for a short distance from the wall. This 
effect is considered in detail in the next paragraph. 
The results for the four probes tested have been 
analyzed, taking as standard a boundary layer ob- 
tained from the pitot type probe traverses [see Section 
(5.0)].. For any particular value of y, the error was 
expressed as (¢ — q,)/qg,, and this was plotted against 
the nondimensional parameter (D/qg,)-(dq,/dy). This 
parameter is a convenient dimensionless group giving 
a measure of the shear or vorticity of the flow and 
includes the effect of probe size. The results of this 
analysis are shown in Fig. 10, where a large number 
of points at the lower values of (D/q,)-(dq,/dy) have 


been omitted for clarity. It can be seen from Fig. {( 
that the points lie closely about a straight line. This 
method of analysis demonstrates that, when expressed 
in this form, the error is a simple function of one 
nondimensional parameter which includes the effect 
of vorticity in the flow (or total pressure gradient 
and probe diameter; unfortunately, it is extremely 
difficult to apply this function in the correction of any 
particular traverse, as it involves a knowledge of the 
value of (D/q,)-(dq,/dy), and the correction of any 
particular traverse would involve a tedious successive 
approximation. These considerations made it neces- 
sary to try another approach, and it was decided to 
follow reference 3, which treats the error as a displace- 
ment, /, of the effective center of the hole and considers 
E/D as a function of (D/q,)-(dq./dy). Fig. 11 shows 
the results of this analysis applied to the results. For 
values of (D/q,)-(dq,/dy) from 0.2 to 1.2 the value 
of £/D does not differ much from 0.09, but below 
(D/q.)-(dq./dy) = 0.2 the variation of the points 
becomes so large that nothing can be said about the 
value of E/D. For these low values of (D/q,) - (dq, dy), 
the error is of the order of the accuracy of the de- 
termination of the boundary-layer profile. The effect 
of other nondimensional parameters, y/D and Reynolds 
Number, was investigated, but no systematic effect 
could be detected, and, although it cannot be stated 
definitely, it is probable that the behavior of / D for 
the small values of (D/q,)-(dg,/dy) is due purely to 
experimental error. Points for higher values of 
(D/q,)-(dq,/dy) are not included in Fig. 11 since, if 
included, the interesting range of (D/q,)-(dq, dy) 
from 0.2 to 1.2, which includes most practical cases, 
would have become very cramped. For these large 
values of (D/q,)-(dq,/dy) with the conditions of these 
tests, the curve in Fig. 11 will rise because of the large 
error at the wall. 

The fact that #/D remains sensibly constant over 
a wide range of (D/q,)-(dq,/dy), which includes most 
practical cases, makes the method very suitable for 
the correction of any particular traverse. 


(4.4) Wall Proximity Error 


The results of the traverses shown in Fig. 9 indicate 
an unusual effect when the stagnation hole of the 
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probe is close to the wall. This was assumed at first 


to be due to leakage inward into the tunnel along the 


guides for the probe. A compressed air supply at 
100 Ibs. per sq.in. was applied to the guides at the 
outside of the tunnel, and the traverses were success- 
fully repeated, indicating that the guides were an 
effective seal against such inward leakage. 

Flow visualization tests have since shown that the 
large error at the wall is due to the presence of a discrete 


vortex as shown diagrammatically in Fig. 12. The 
secondary vortices mentioned in Section (4.3) roll 


up at the wall into a discrete vortex which is powerful 
enough to induce a reversed flow at the wall. The 
form of this vortex when viewed along the probe 
axis (see the lower part of Fig. 12) illustrates very well 
the distortion of the vortex lines of the approach flow 
due to the presence of the cylinder. 

4.5) General Remarks and Recommendations 


From the previous work (see references 1 and 2), 


and the work in this paper the following main recom- 
mendations can be made in connection with the use 
of the transverse cylindrical total pressure probe. 

(1) The ratio of the stagnation hole diameter to 
the diameter of the probe should be less than 1, Sth 
(see reference 2). 

(2) The angle of inclination of the probe to the 
direction of flow should not be greater than 5° from 
the normal (see reference 1). 

(3) The distance of the stagnation hole from the 
end of the probe should be greater than two probe 
diameters. 

(4) The stagnation hole itself should not be shallow 
but preferably several hole diameters in depth. 

(5) In traversing flows with transverse total pressure 
gradients the correction to be applied to the traverse 
because of the displacement of the effective center 
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of the hole is given by £/D = 0.09, the displacement of 
the effective center being towards the higher totaj 
pressure. 

not be 


should used for 


0.2 D because of the 


(6) This type of probe 
boundary-layer work where y < 


wall proximity error described in the last paragraph. 


(5.0) Prirot TyPE PROBES 


The standard boundary layer was traversed using 
pitot type probes of varying diameter in order to 
establish the profile accurately so that a standard 
profile would exist for the estimation of the errors of 
the cylindrical type probes. Incidentally, these tests 
could be used to check the applicability of the work of 
Young and Maas*—on the displacement of the effectiv. 
center of pitot type probes in transverse total pres. 
sure gradients——to the correction of boundary-layer 
traverses. 

The two pitots used initially in the establishment of 
the standard boundary layer were geometrically similar 
probes of 1-in. and 0.056-in. external diameter having 
d/D = 0.7 together with conical noses of included 
angle 8! See Fig. 4. 

With the experimental error of the tests both these 
probes gave precisely the same profile (see Fig. 13), 
whereas the work of Young and Maas? indicates that 
there should be a displacement of the order of 0.17 in 
between the profiles obtained from these two probes 

The standard boundary layer utilized in the previous 
tests was considered established by these two probes 
i.e., either probe gave the correct or standard boundary 


layer. 


5.1) The Effect of d/D and Nose Shape on Pitot Type 

Probes 

Traverses were carried out with a pitot having the 
same cone angle of 8!/,° but with d/D = 0.5 and a 
l-in. outside diameter [see Fig. 4(b)]. The profile 
was once again repeated (see Fig. 14), although the 
work of reference 3 indicates that there should have 
been a displacement between the two traverses of 
0.016 in. 

Traverses were now carried out to investigate the 
effect of nose shape; one pitot used had a hemispherical 
nose with d/D = 0.5 [see Fig. 4(c)], and the other a 
flat or square cut nose with d’D = 0.6 (this being the 
type used in reference 3). Both of these probes showed 
a displacement of the profile toward the wall 
the effective center toward the 
higher total pressure—the flat faced probe producing a 
displacement of the order of 0.16 in. as indicated by 
Young and Maas,* and the hemispherically nosed 
probe producing a displacement somewhat less than 
See Fig. 14. 


1:2.) 


a displacement of 


this (of the order of 0.1 in.). 


5.2) General Remarks and Discussion 


Young and Maas measured the displacement effect 
of pitot type probes in a transverse total pressure 
a symmetrical 


gradient by traversing the wake of 
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Nonlinear Minimum-Weight Design of 


Planar Structures 


* 


LOUIS G. VARGO? 
The Ramo-Wooldridge Corporation 


SUMMARY 


A direct method has been developed for determining the 
minimum-weight fully plastic moments of a planar structure sub- 
ject to a set of concentrated loads. A general nonlinear relation 
ship between the fully plastic moments and areas of the series of 
The 


mathematical formulation of the problem has been shown to be 


sections available to the designer is included in the method. 


isomorphic to problems in other fields in which computational 
procedures are well developed 

Solutions for the two-span beam and rectangular bent under 
concentrated loads are obtained, and a comparison with the results 
of a linearity assumption is made. When geometrically similar 
sections are used, the linearity assumption results in up to a 15 
per cent weight penalty. 

Consideration is given to a possible extension of the nonlinear 
theory to planar structures under distributed loads and space 
frames. 


(1) INTRODUCTION 


(1.1) Limit Design and the Greenberg-Prager Principle 
A LIMIT DESIGN! or analysis of a structure considers 
the formation of a sufficient number of plastic 
hinges to transform the structure from a statically 
stable condition to one of kinematic instability—that is, 
the structure becomes a mechanism under the action of 
a given set of loads. In the most generalized case of 
analysis, one must consider the bending moments, 
torques, shears, and axial forces which contribute to 
hinge formation for all points on the structure and de- 
termine where hinges will actually occur. If these loca- 
tions are such that the deflections of some points in- 

crease without limit, then collapse is said to obtain. 
The analysis for planar structures is greatly facilitated 
by the use of a principle formulated and proved by 
Greenberg and Prager.” For this class of problems no 
torques are present, and the effects of shear and axial 
A knowledge of the fully plastic 
The fully plastic 


forces are ignored. 
moments of all sections is assumed. 
moment is a property of the section shape, size, and 
material, and it is defined as the maximum bending 
moment that the section will sustain in pure bending. 
The principle is best stated in terms of a load factor, a 
number by which all of the design loads may be multi- 
plied. Use of the principle allows the load factor at 
collapse to be bounded from above and below and as- 
certained if the bounds are equal. Its magnitude rela- 
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tive to unity then either establishes a factor of safety or 
implies collapse. 

The problem of designing for minimum total struc. 
tural weight could be approached with the Greenberg- 
Prager principle. Several basic difficulties are present, 
however. The relative weight of each member must 
be assumed before a determination of the load factor at 
collapse is made. From this assignment the relative 
magnitudes of the fully plastic moments can be ob- 
tained. In structures containing many members, the 
number of possible choices is large, and the best choice 
is not always readily apparent from an inspection of the 
loading and geometry of the structure. Further, the 
analysis of a proposed design often becomes quite 
laborious because bending moment distributions and 
hinge locations must be assumed in determining the 
bounds, and the convergence of the bounds may be 


slow. 


(1.2) Previous Work 


Heyman** and Foulkes’ have investigated the 
minimum-weight design problem and have obtained 
solutions for certain classes of structures. Their 
methods differ somewhat, but each is based on a linear 
relationship existing between the section fully plastic 
moment and the section area. This we will call the 
linear theory. In practice, it would be difficult for the 
designer to select a series of cross sections such that the 
fully plastic moment increases linearly with weight (or, 
equivalently, with section area for a structure of one 
Generally, such plastic relationships are 


For example, Heyman refers to a series of 


material). 
nonlinear. 
English structural shapes for which the area is propor- 
tional to the three-fifths power of the fully plastic mo- 
ment. 

It is the purpose of this paper to develop a non- 
linear theory leading to a minimum-weight design 
method for planar structures and to compare this with 
the results of the linear theory. 


(2) THE NONLINEAR THEORY FOR CONCENTRATED 
LOADS 


(2.1) Virtual Work Inequalities and Fundamental Sets of 
Collapse Modes 


Consider a planar structure composed of n straight 
n), and designed to 
m), 


members of lengths, L;(j = 1, 2,..., 
resist a set of m concentrated loads, P;(t = 1, 2,..., 


acting in the plane of the structure. We assume that 
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these loads have incorporated a factor of safety and that 
the formation of a plastic hinge at any point is due en- 
tirely to the bending moment -\/ at that point. Ps ssible 
hinge locations will then be at points of local maximum 
moment. For concentrated loads, these may occur only 
at the loads or at the reaction points of the members. 
Let each member be uniform in cross section throughout 
its length so that, for a given series of sections, the struc- 
ture is characterized by the section area, A ;(j = 1,2,..., 
iN). 

We define a collapse mode to be a set of hinge loca- 
tions to the structure 


mechanism either locally or totally. 


sufficient transform into a 
Since the collapse 
mode for the minimum weight design is not known a 
priori, there will exist , equations giving the internal 


work done by the structure, 


> 


1 


M 6 x, (1) 
where (V’ is the internal work of the kth mode, .1/ 
is the fully plastic moment of the jth member, and 6, 
is the sum of the hinge rotations in the jth member in 


) 
int/h 


the kth mode. Here s < m since not all members are 
necessarily involved in any one collapse mode. The 
external work done on the structure is given by 
' 
(Vers = 2, Pada, k=1,2,...,7 (2) 
1 1 


where 6, is the deflection of the ith load in the kth 
mode. Here? < m since not all loads necessarily experi- 

ence a finite deflection in any one collapse mode. 
If the structure is not to fail in the kth mode, (1’;,;), 

V-21)e, and using Eqs. (1) and (2), 
> Min > >, Pds, bed, 2... (3) 
1 i l 

The set of inequalities, Eq. (5), 
imposing conditions on the magnitudes of the fully 


may be considered as 
plastic moments. Any design which satisfies these con- 
ditions will not fail provided the set, Eq. (3), represents 
collapse modes which preclude failure in any mode. 
We define a fundamental set of collapse modes to be a 
set such that the preceding statement holds true. A 
theorem which allows us to test the existence of a 
fundamental set is given in the Appendix. Its utility 
lies in the fact that we need not consider every possible 
collapse mode once such a fundamental set is estab 
lished. 


2.2) Mathematical Statement of the Problem 


The weight of a member may be written as Il’; = 
C\L,D;A 


D, is the material density. Since the structure is com- 


, Where C; is a constant of proportionality and 


posed of the same series of sections, the total weight, 


W=CDdL,D,A (4) 
J 1 


Now A is a specific function of 1/7 for each series of 


sections. Further, this function must possess certain 


properties—namely, A(O) = 0 and (dA dM) > 0. 
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A good approximation to functions possessing these 


properties is 


A = C.M,, a> oO (5 
In fact, if the sections are geometrically similar, Eq. (5 
with a equal to 2/3 is the exact expression. The ex 


pression for the total weight of the structure may now 
be written in terms of the .1/;: 


r 


> L,D,M? 6 


— 


l 


W=C 


The problem is then reduced to minimizing Eq. (6 
subject to the restrictions of the set of inequalities, Eq 
(3). 

Mathematically, the weight expression is a nonlinear 
n-dimensional vector space 
the form VW We 
may also consider it as a transformation which takes the 


functional defined on an 


composed of column vectors of 


points of the positive region of an m-dimensional space 
into the positive real line. Each of the inequalities of 
Eq. (3) represents a half space, and their intersection 
given by the set, Eq. (3), defines a region which we will 
call the permissible region. Any point in this region 
corresponds to a set of fully plastic moments for which 
the structure will not collapse. The permissible region is 
bounded by the hyperplanes denoted by the set Eq. (3), 
with the inequality signs deleted. The hyperplanes 
intersect in at most r!/n!(r — n)! points, which include 
the extreme points of the permissible region. It may be 
shown that IV is minimized only at extreme points 
when suitable restrictions are placed on a. Since 
(OW/OM,) > O and (0?W/0.1/;7) < Owhen0 <a <1, 
W is a monotonic increasing concave function of .1/;) , 
so that we may use a theorem from convex set theory 
which states that a takes 
minimum value on a convex set (permissible region) 


concave functional on its 


only at an extreme point.6 This is geometrically evi 
dent in the solution of problems where » < 5 and may 
be formally applied in cases involving more members. 
From the preceding, the possible solutions (extreme 
points) are the same for the linear theory when a = | 


and for the nonlinear theory when 0 < a < 1. 
not to say that the solutions will be the same but only 


This is 


that each is obtained from the same set of points. A 
possible exception to this is the case when a bounding 
hyperplane coincides with the minimum weight func- 
tional. 
that is, only if a = 1. 
tween some extreme points will make up a range of 
Since the 


This will occur only if IV’ is linear in the .1/ 
Then points on a hyperplane be- 


solutions together with the extreme points. 
extreme points are included in the nonlinear theory, no 
essential difference results from this exceptional con- 
dition. 

The case a > 1 is of little practical importance. A 
series of sections for which A increases more rapidly 
than .\/ represents an inefficient selection initially. 
Foulkes states that a lies between | ‘‘for most 
The lower limit for a does not 


2 and | 
structural sections.” 
affect the method of the nonlinear theory, so that a will 
be taken as non-negative and not greater than one. 
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Fic. 1. Two-span beam with central concentrated loads 


(3) Two-Span CONTINUOUS BEAM 


3.1) Nonlinear Solution 


For the two-span centrally loaded beam shown in Fig. 
1, the smallest fundamental set of collapse modes is as 


follows: 


mode I 2 3 | 
hinge locations AB CD AC BD 


That this set is fundamental may be verified by noting 
that every conceivable mode includes at least one of the 
four given above. The virtual work inequalities, Eq. 
(3), now may be written for this particular problem. 


mode |: 6M, > PL (7) 
mode 2: 6M. > Pole (S) 
mode 3: $V, + 21%, > PL (9) 
mode +4: 2M, + 4Me > Pols (10) 
We may take P,L; > P.L, without loss of generality 


Using this inequality and Eqs. (7) and (8), it can be 
shown that Eq. (10) is redundant and may be neg- 
lected. The region of permissible values of /; and 1/, 
is shown in Fig. 2. There are three extreme points de- 
The coordinates of these points 
12, Mz = P2l./6; My = Mp 
P.L./6, 


noted by m, 7»: and 73. 
are M, = (3P,L, — Pol.) 
= P,L,/6; and MW, = Pil,/6, M. = 
tively. 

In any set of extreme points which are obtained by 


respec- 


formally solving, for example in this problem, three 
equations taken two at a time, some points may dom- 
inate others. (1/;);, (\W2);,... (AZ); is said to dominate 
(M,);, (Me);, ... (Ma); if, and only if, (M@,); > (4%); 
k = 1,2,...n. Since no coordinate of the 7th point is 
less than the corresponding coordinate of the jth, the 
jth point can never be an actual extreme point of the 
permissible region and thus may be ignored. 

Both mz, and 7. dominate 7; in the present example, 
for (M4); > (Mi)2 = (Mj)3 and (Mo2)e > (Mo), = (Mo). 
Hence, only two possible solutions exist, m and 7m». 
We now inquire as to when either 7 or 72 will be a solu- 
tion for a particular beam. The weight of the beam 
from Eq. (6) is 


W = (11) 


C3( L,D,M;" + LeD.Mo") 


If W is considered as a parameter, this equation repre- 
sents a family of curves which are concave outward 


from the origin. As JV increases, the curves approach 
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TABLE | 
Minimum-Weight Fully Plastic Moments for Two-Span Beam 


Hin 
Cases Fully Plastic Moments Locatic 
Pil, > Pol V/ V/ 
L2D2/L,:D, < F P\L,/6 P\L,/6 ABC 
L2D2/L,D,; > F (8PiL P2L2)/12 PL2/6 ACD 


the permissible region until contact is made at 7; or 7 
or at both m, and mm. We may obtain conditions for 
which these cases occur by considering the minimum 
weight curve through both 7, and m. Equating the 
evaluated at these two 


pand P.L./P,L c, 


weight expression, Eq. (11 
points and letting L.D./L,D, = 
(3 — «)/2}* — 1 
p= = F(o,a 12 
l = a” 
Since p determines the slope of the weight curve at any 
point, the minimum weight curve touches the permissi- 


ble region at 7 or m2 or at both 7; and zm, depending on 


whether p = F. When p > F, it can be shown that the 
intersection of the curve through 7 with the line J/, = 
(\M/2)2 = P,L,/6 lies below the ordinate of m.. There 
fore, m, gives the minimum-weight fully plastic mo- 
ments when p > F, and, by elimination, m2 gives the 
minimum values when p < /*. By referring back to the 
equations from which these points were obtained, the 
hinge locations can be ascertained for each solution 
These results are summarized in Table 1. 


3.2) Comparison with the Linear Theory 


It has already been shown that the two theories pro- 
duce solutions from the same set of extreme points of 
1, the weight curves 


the permissible region. For a = 


are straight lines of slope —»p. The slope of the line 
connecting 7, and m.is —1/2. Thus, the linear theory 
implies that 7 or 7 or all points on the closed line seg- 
ment (m2) minimize IV in the permissible region de- 


. < " - 
pending on whether p = 1/2. From Fig. 2, 2; becomes 


the solution as the slope of the straight lines decreases 
algebraically. Hence, when p > 1 2, 7; is the solution, 
and, similarly, (7:72) for p = 1/2 and m for p < 1/2. 
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Fic. 2. A, Afz plane for two-span beam 
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To compare these results with those of the nonlinear 
theory, we observe from Fig. 3 that F(o, 1) = 1/2 
Since F is never greater than 1/2, p < F implies p < 1/2. 
The linear theory then always exactly agrees with the 
nonlinear theory if the latter gives 72 as the only solution. 
If p > 1/2, the two 
theories give 7, as the only solution. 
Each combination of the equality 


it must be greater than F, and 
Differences appear 
when F < p < 1/2. 
and inequality signs may be considered in turn and the 


solutions compared. Doing this, one obtains 


Cases Linear Nonlinear 
F a= LZ 111» 7, and 7 
f=) <= 1/2 T? 7, and 7 
F< p 1/2 1 \ 1 1 
ria < 1/2 1 TT) 


The relative weight difference between the two theo 


res is given by the expression, 


’ W, 1+ p 
All : | 1 (13 
I, i) a)/2|* + po 
Since the denominator of the first term never exceeds 


the numerator, use of the linear theory represents a 


Weight penalty to the designer when F < p< 1/2. It 
can be shown that AIV increases with p and decreases 
with o. The value of AlV at p = 1/2, ¢ 0 is (3/2)! 


1, so that, for small a, the maximum weight penalty 
approaches 50 per cent of the actual minimum weight 
given by the nonlinear solutions. A more realistic case 


is When a = 2.3 for which (AIV),,4, = 15 per cent. 


DE 


SIGN OF PLANAR STRUCTURES 
(4) RECTANGULAR BENT WITH A CONCENTRATED 
SIDE Loap 


As an example of the nonlinear theory applied to a 


structure consisting of three members, consider the 


rectangular bent shown in Fig. 4. The smallest funda 


mental set of collapse modes is as follows: 


mode | Z 3 | 5 6 
hinge 
locations ABC ABD ACEG ACFG ADEG ADFG 


The virtual work inequalities for each of these in order 


are 
2M, > X(1 A) PL; 14 

2—A)M,+ AM, > XI \)PL (15 

24, + Me+ M \PLs 16 

2M, + 2M APL 7 

My + 2M. + JAW; > APL, IS 

M, + Mz. + 2M APL 19 


We may take J, > Ms, , and 
(19), Eqs. (14), (15), and (16 
1/2. 
only one point, a; The coordinates are J1/; = Js 
M; = XPL,/4. Thus, when \ i/2, 


results irrespective of the relative lengths of the columns 


and, using Eqs. (17), (18 
are redundant when A 


The three remaining bounding planes intersect in 
a unique solution 
and cross members. 


For the case, A < 1 2, only Eqs. (16 
redundant, so that possible solutions are given by the 


and (17) are 
points of intersection of the four remaining planes. De 
noting these points by 75, 76, 77, and zs, the coordinates 
are MI, = Mz = A(1 — ANPLy, 2, M A(3A — 1)PL,/2; 
M, = M2 = X(1 — A)PL,/2, M NWPL,/2; M; 

ACL — A)PLy4/2, My = M ACL + A)PLy4/6; and M, 

(3 — 4A)PL4/2(3 — 2A), AM, M APL,;/2(3 — 2d), 
Since (1), = (.V/ (Mi) M 


a, dominates 7;. It can further be shown 


respectively. sand 


(\Ms5)¢ > (Ms3)s, 


that the three remaining points do not dominate each 
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TABLE 2 
Minimum-Weight Fully Plastic Moments for Rectangular Bent 


Hinge 
Cases Fully Plastic Moments Locations 
My M2 M; 
APL APLs APL. : 
A 1/2 ACDEFG 
t + i 
. 1/e AC )PLs A A) PLs MPL Pa 
oe 7 ABCDFG 
Ljtlsa 3 2 2 2 2 
r 1/2 ACI A)PLs AL+APLs AI + ANPIs ™ 
: ‘ ABC DEFG 
Hes Ia/I G 2 6 6 
\ 1/2 (3 1A) PL APLs APL vm 
’ a ABDEFG 
Lefty = 2(3 — 2n 2(3 — 2n 2(3 — 2n 


other, for (.V))s > (1); = (.VM1)6, (Mo)e a (173); a (Mo)s, 


and (\/3); > (.M3)3 = (.Ms3)¢. 
W = Cy[L4(M" + M;°) + L3M,* | (20) 


if the material is the same throughout the structure. 


If W,, < W,,, and letting L3/L, = 7, 
(3 — 4A)? + 1 — (3 — 2d)*(A*7 + (1 — A)? = 
: (1 — A)"(3 — 20/7 — 1 7 
G(A, a) (21) 
pe. < F.. 
1 + A)* — (8A)? 
r< i = fI(X, a) (22) 
[3(1 — A)]* — (1 + A)? 
The functions G and // are plotted in Fig. 3 fora = 1/2 


anda = |. Since // < G, cases, for which only a single 
point is the solution, correspond to the inequalities 
7 < HI, 11 <+<G,and 7 >G, and corresponding solu- 
tions, ms, m7, and ms. Table 2 summarizes these re- 
sults. 

A comparison with the results of the linear theory 
could be made similarly to that for the two-span beam 
problem. No detailed investigation will be made in this 
paper; however, one interesting point is worth noting. 
Since the solution, 7; when A > 1/2, was obtained inde- 
pendently of the weight expression, a linear design con- 
sideration would produce the same result. 


(5) DISCUSSION 


Use of the nonlinear theory offers a direct rather than 
an iterative method for optimum structural design on 
the basis of minimum weight. The number of con- 
centrated loads or members does not affect the validity 
of the method so that approximations to distributed 
loading and curved frames may be checked to determine 
how closely the obtained solutions approximate the 
actual solution. When the number of loads or members 
becomes large, however, the establishment of design 
tables is impracticable without employing machine 
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methods of computation. In this regard, the similarity 
between the minimum weight structural problem, opti 
mum programing in the field of economics,’ and opti 
mum strategy in the theory of games should be pointed 
out. Each requires the determination of points in 
region defined by linear inequalities for which a fune- 
tional is extremized. Hence, computational procedures 
developed in the latter two fields are applicable to the 
problem considered in this paper. 

For space structures, the effect of torques on hing, 
formation requires knowledge of the breakdown cr; 
terion relating the applied torques and bending mo 
ments to the fully plastic moments.* One difficulty 
here is that the form of this relationship depends upon 
the geometry of the cross section, so that the resulting 
solution would strictly hold only for a series of geo 
metrically similar sections. Hill and Siebel* have shown 
this relationship to be quite insensitive to changes in 
geometry, however. Therefore, the use of one break 
down criterion for a series of sections of practical im- 
portance should produce errors of small magitude. 


APPENDIX 


.. r, denote the proposition, the 


Let Pr k => 
structure will collapse in the kth mode, and q the proposi 


L, 2 
tion, the structure will collapse in some mode. If gq im- 
plies (p; or po or... or p,), then not (pf; or ps or... or 
b,) implies not g. But, by DeMorgan’s rule, not (/; or 
p,or...or p,) is equivalent to (not p; and not ps» and 

and not p,), so that a set of r collapse modes is 
fundamental if every possible mode includes at least one 


of the r modes. 
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On Transonic Airfoil Theory 


GOTTFRIED GUDERLEY* 
Wright Aur Development Center 


SUMMARY 


The paper is concerned with the development of the flow over 
For 


in infinite aspect ratio, the flow at each airfoil section is essen 


wn airfoil with respect to the reciprocal of the aspect ratio 


tially plane The hodograph transformation, applied to the 
velocity components normal to the span, brings the flow equa 
tion into a form in which the terms pertaining to plane flow pat 
terns occur linearly, while the spatial terms give a nonlinear con 
tribution. For sufficiently large aspect ratio and close to the 
profile, the linear terms in this equation will prevail, but, no 
matter how large the aspect ratio is chosen, it is never possible 
to disregard the nonlinear terms throughout the field—thus, the 
effect of the flow field at a distance from the profile on the flow 
field ¢ This is 
done in the form of a boundary condition which the flow at a dis 
This condition is 


Hereafter, 


lose to the profile must be taken into account 


tance imposes to the flow close to the airfoil 
formulated by means of the transonic similarity law 
the flow close to the airfoil can be treated similarly to plane flows 
with a free-stream Mach Number close to one. 

In the lowest order approximation, the deviation of the pres 
sure distribution from the pressure distribution in a plane flow 
has the same form as the deviations that would be caused in a 
plane flow by a suitable change of the free-stream Mach Num 
ber of the angle of attack, and by a lowering of the pressure 
evel. All of these effects are proportional to the —6/5 power 
of the aspect ratio. Subsequent terms of the development are 
proportional to the —8/5 power 
patterns, the effect of the angle of attack is not independent of 


In contrast to subsonic flow 


the displacement of the airfoil 


(1) INTRODUCTION 


F IR THE FLOW over an airfoil with a finite aspect 

there exist two strictly separated ap- 
proaches—one for small and the other for large aspect 
ratios. The theory for small aspect ratios is the same 
for all subsonic and transonic Mach Numbers; its range 
of validity even increases as the free-stream Mach 
A theory for large aspect 
There one 


ratio, 


Number approaches one. 
ratios is the subject of the present paper. 
expects the flow over the airfoil to be essentially plane 
and treats the spatial influence as a correction. 

A complete solution can hardly be expected; tran- 
sonic flow patterns, especially those close to plane flows, 
are characterized by the nonlinear 
term in the simplified flow differential equation, which 
makes the solution of the flow problem extremely cum- 
But the main trend of the 


occurrence of a 


bersome, if not impossible. 
spatial influence can at least be established; we shall, 
lor example, see that the deviation from the pressure 
distribution in a plane flow at Mach Number one is 
proportional to the —6 5 power of the aspect ratio. 
A detailed description of the results is found at the end 
of the paper. 
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(2) FORMULATION OF THE PROBLEM 


Under the assumption that the deviation of the flow 
field from a sonic parallel flow is small, the velocity 
potential @a* which describes this deviation fulfills the 
following simplified differential equation: 


—(y + 1)&,-,, + &,, + %., = 0 (2.1 


Here x is the coordinate in the streamwise direction, 
y is the coordinate in the direction of the span, and z is 
the coordinate perpendicular to x and y; y is the ratio 
of the specific heats and a* is the sonic velocity. Let us 
now consider a family of affine airfoils which originate 
from each other by a change of the scale in the x and 
z directions. The surface of these airfoils may be given 
by g(x/t, y, 2/t) = O, where ¢ is a parameter that has a 
fixed value for a given airfoil. For fixed arguments of 
the function g—e.g., for points that correspond to the 
leading edge—wx and zs are proportional to ¢ while y is 
fixed. Thus, the aspect ratio is inversely proportional 
to ¢. For ¢ = O, the airfoil contracts into a straight 
line, which might be referred to as lifting line. This 
paper tries to represent the flow problem in the form 


of a development with respect to /. 


(3) HoDOGRAPH TRANSFORMATION 


A hodograph transformation in the conventional 
sense would use as independent variables the velocity 
components in space. But then the dependence of the 
flow field upon y would be rather hard to recognize. It 
is more practical to use as independent variables the 
velocity components ®, and #, and the coordinate y. 
The transition to these variables is made by means of 


Legendre’s transformation 


P(x, y, 2) = —g(u, w, vy) + 
UP, (U, W, V) + We,(u, WwW, V) (3.1 
with do. = u (3.2a 
%. = w (3.2b 


e 


As long as one forms derivatives with respect to x, z, 
u, or w only, the dependence of these expressions upon 
y is unessential. Therefore, one has immediately the 
well known results 


r=¢ j.0a 
Z= ¢, (3.3b 
Grr = Cww/(PucPwu — | 
G., = Guu! (Guu ¢ (3.4) 
S,. = —Pia! (Cun Con 9) 








JOURNAL OF THE 


962 


AERONAUT 





Z 
A 











— 


Fic. 1. Airfoil in x, y, s-space 


In forming the partial derivative of ® (x, y, 3) with re- 


spect to y, one must express the condition that x = ¢, 
and 3 ¢, are to be kept constant. One finds from 
Eq. (3.1) 
: du dw du dw 
oO =: —w eg = Peis x cS: 
¥ Lu 
dy dy dy dy 
Hence, *, = —-¢g, 
Furthermore, 
D,, = —y Cuy (du dv) — wy: (du/dy) 


Here du/dy and dw dy must be computed from the 


condition that « and s are constant. Eqs. (3.5) yield 


Cun (du dy) TT Cuu (dw dy) — “Ory 
Cue (du dy ™” Qu (dw dy) = —-¢ 
hence, 
du PuySuw + Pwy? 
dy Cun*ten ~ Bee! 
dw Dien Guy  CuOua 
dy Pun’ Pow — Pun" 
Thus, 
Cue — 20,,° Cur Saw + Curr? aa 
d _ - Oy aa : (-d.0)) 
Pun* uw — Puw™ 
Inserting Eqs. (3.4) and (3.5) into Eq. (2.1), one ob- 
tains the following hodograph equation: 
Ey. = 1 )U+ Pion — uu — Cry Cun? Cow — Cus 2 + 
Cin Our TF Coy Cay — 2Calayluo = VU (36) 


This equation is linear in all terms which do not con 
tain y. To obtain a closer agreement with the nota 
tions used in other papers on plane transonic flow pat- 


terns, we introduce 


w= 060 


One then obtains the differential equation 


rc 
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Ynn ~— N60 = Lyyv\Enn¥oo — ne 


Let us assume, that, for each airfoil section, 
const., the plane flow at Mach Number one is known 
Then the hodograph map of these airfoil sections js 
known, too. These maps form a surface in the », @ 
y-space which is the map of the surface of the airfoil 
for ¢ = 0. Fig 
shows the right half of a wing to which the present 
The plane y = 01s the plane of 


This surface will be denoted as S). 


theory can be applied. 

symmetry of the wing. For ease of representation a 
wedge profile with a constant chord has been chosen 
In order to avoid too abrupt a change of the cross sec 
tion at the tips of the airfoil, it has been assumed that 
the thickness of the wing changes linearly and assumes 
Fig. 2 shows the 


the value zero at the wing tip. map 


of the wing in the n, 8, y-space. The sides of the indi- 


vidual sections y = const. map into lines 6 const 
As one moves towards the wing tips the values of § 
decrease linearly. These lines 6 = const. extend nat 
urally to n = — —1.e., to a stagnation point for 
each individual wing section—in Fig. 2 they are ter 
minated at a finite value of —7. In each section y 
const., the Meyer expansion that occurs at the shoulder 
of the wedge is mapped into a characteristic running 
through the point where the map of the side of the 
wedge intersects the surface plane » = 0. These 
maps give the curved part of the surface S; in Fig. 2 
For the determination of the subsonic part of the flow 
pattern, only the part of the supersonic region bounded 
by the so-called limiting characteristic needs to be 
known. Thus, a boundary of the surface 5; arises in 
the region 7 > 0. The surface S. which occurs also in 
Fig. 2 will be introduced later. 

At large distances from the airfoil, the velocity com 
ponents ®, and ®, and with them 7 and @ are small; so 
infinity in the physical space will map into the y axis 
of the hodograph space. 


(4) SOME PROPERTIES OF PLANE FLOW PATTERNS 


For the subsequent investigations some properties 
of plane transonic flow patterns are needed. The re 
sults presented in this paragraph are compiled from 
references |, 2, and 3. 

Plane flows are described by the differential equa 


tion 


0 1 


A 


UR ary.) 


which arises from Eq. (3.9) by omitting all derivatives 
with respect to y. Tricomi has given a uniqueness and 
existence proof for a certain class of boundary value 
problems governed by this differential equation; there- 
fore, it is usually called Tricomi’s equation. One of 
the important conditions imposed in this proof requires 
that ¢ is bounded and that along the line 7 0 the 
This will 
be referred to as Tricomi’s condition. 

one finds the following 


expression g,-6"" is bounded. condition 


Using Eqs. (3.5) and (3.7 
expressions for the coordinates in the physical plane: 





He 


{ 
5.9 


on, 
> known 
CtIONS 45 
the n, 6, 
le airfoil 
Fig, | 
present 
plane of 
tation a 
chosen 
rOSS Sec- 
ned that 
assumes 
the map 
the indi- 
= const. 
lies of 6 
‘nd nat- 
nt for 
are ter- 
ion y = 
shoulder 
running 
of the 
These 
Fig. 2. 
he flow 
ounded 
to be 
rises in 


also in 


y com- 
nall: so 


- V axis 


ERNS 


perties 
“he re- 
1 from 


equa 


‘atives 
ss and 
value 
there- 
ne of 
quires 
(0) the 
1 will 


owing 


me. 








ON TRANSONTC 


v + 1 ?, (4.2a 


where = t.2b 


the lowest order approximation the streamlines are 


iil 


lines 2 const.—i.e., they are represented by the 


streamlines of the undisturbed flow. This is the form 
‘) which streamlines are characterized in the n, 6-plane. 
Naturally, in the physical plane this formulation is 
practically meaningless. There one must determine a 
streamline 


In this 


higher approximation by integrating the 
slope along a line = const. with respect to x. 
manner, the form of a profile belonging to a certain 


hodograph solution can be found. 


\ class of particular solutions of Eq. (4.1) can be 
written in the form 

¢ n| (E, n L.3 

where . [(9 4)0?| tsa 


and v is a constant. Other forms of this hypothesis 


we found in reference 2 
symmetric 

1—3/ : a 

A. + | —- oil 

YY} +4 UI 


All of these 
The solu 


here i is a non-negative integral number. 
expressions can be written in a closed form. 
tion ¢ | will play a somewhat exceptional role. 
If the symmetric and antisymmetric particular solutions 
ire considered simultaneously, then the positive ex- 
ponents » are evenly spaced with an interval of 1 2 
and the negative exponents are evenly spaced with an 
interval of 3 2. 

It has been shown in reference 3 that, in the vicinity 
of the origin, any solution of Eq. (4.1) which is bounded 
along the characteristics ¢ = 1 and whose derivatives 
are bounded, too, can be represented by a superposition 
1.4), but, in general, the region of convergence 
If this function ¢ fur- 


of Eqs. 
will not extend to the profile. 
ther fulfills Tricomi’s condition, then the representation 
will contain only functions with a non-negative sub- 
In a plane flow with the free-stream Mach 
a point 


script 
Number one, all streamlines originate from 
of the sonic line; in our present considerations this 
point is the origin of the y, @-system. The prevalent 
solution in the vicinity of this point is given by ¢-¢-1. 
rhe constant c is determined by the size of the body. 
flow with a free-stream 


solution for the 


Mach Number one over a given profile may be denoted 


The entire 


as g-,* and can be written as 


yg C*@-1 TT @ \ 1.5 


Here w-, is a solution of Tricomi’s equation which ful- 


fills Tricomi’s condition at point 0. It is chosen in 


such a manner that along the hodograph map of the 


\IRF 


£0.5+/ 


OIL THE 


The characteristics of Eq. (4.1) are lines (2 3)n . 


6 = const.; thus, the line ¢ | represents the two char 
acteristics going through the origin. 

The function f satisfies a linear differential equation 
of the second order. The solutions can be chosen in 
that 


antisymmetric with respect to the line 6 


such a manner they are either symmetric or 


0; they may 
then be denoted as f° or /", respectively. 

In general, the particular solutions of Eq. 
| a singularity 


1.5) are 
of such a nature that along the line ¢ 
in ¢ or in its derivatives will occur. This implies that 
either a singularity propagates along the map of this 
characteristic in the physical plane or that this char- 
acteristic is mapped to infinity. Either of these cases 
requires special profiles. Excluding these exceptional 
cases, one obtains the requirement that ¢ and all of its 
derivatives are bounded along the characteristics ¢ l, 
except at the origin. Particular solutions which fulfill 
this condition may be denoted by ¢, where the subscript 
a corresponds to the power of 7 belonging to this par 
One finds the following system of 


ticular solution. 


such particular solutions 


antisymmetric 


profile (usually not known in advance) the condition 


* 
Y-1-:8¢@ U 


is fulfilled [ef. Eq. (4.2b) and the subsequent remark | 


In the vicinity of the origin, the solution w—,; can be 
developed in terms of the particular solutions (4.4 


and one finds 
Oo , 
w = @ "05 Ta’ "¢ r @ 15 7 1.6 


the coefficients a° are determined by the form of 
the profile. The 


are the same as the subscripts of the functions w to 


superscripts occurring with the a's 


which they belong. An unsymmetry of the profile 


including an angle of attack—is expressed by the pres 

ence of antisymmetric particular solutions ¢y.5, ¢ 

etc. 
Furthermore, be found, which, if 


solutions ¢ can 


superimposed to the expression (4.5), leave the profile 
In general this will require a linearization 
of the boundary conditions in the hodograph. Let the 
map of the profile in the original flow Eq. (4.5) be given 


unchanged. 


by 


Then one obtains as boundary conditions for the super 
imposed solutions (see reference 2 
¢,(no, 8) + noge(n, 8 dn dé 0) (4.S 


A solution of Tricomi’s equation fulfilling Eq. (4.8 
can be written in the form 
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on -_ ‘ 
OY —2 5—1.5h = Y-—2.5-—1.5h + W_—25-—1.5h h — Q, I ’ 2, see 
(4.9) 


for w—25~-1.54, one has the boundary condition 


o 


W—25—-1.5h; n + NOW —2.5—1.5h; 6 (do d6) = 
—P —2.5-1.5h: » —M0P—2.5-1.5h: 0° (dgo/d0) (4.10) 


to be fulfilled along the map of the profile in the original 
flow. The subscripts after the semicolon indicate par- 
tial differentiations. 

The function on the right-hand side of the last equa- 
tion is known. A boundary value problem of this type 
has been denoted in reference 2 as boundary value 
problem of the second kind, because of its similarity 
with such boundary value problems in_ potential 
theory. In general, such a boundary value problem 
does not have a physically admissible solution which 
fulfills Tricomi’s condition. This can be seen from 
the following physical reasoning: Assume that the 
boundary value problem of the second kind could always 
be solved. Then one could construct a solution in the 
form of Eq. (4.9) in which the first term is given by 
¢-1. By superimposing this solution on the original 
flow at a free-stream Mach Number one, one would ob- 
tain a new flow field with a free-stream Mach Number 
one for the same body—.e., the flow over a body at a 
free-stream Mach Number one would not be unique. 
Thus it appears likely that an additional condition 
must be imposed to the boundary values. In analogy 
to the boundary value problems of potential theory, 
one will expect it to have the form 


S K(s)-k(s) ds = 0 (4.11) 


where s is a parameter defined along the map of the pro- 
file, k(s) is the right-hand side of Eq. (4.10), and K(s) is 
a function determined by the form of the boundary. 
Because of the physical reasons given above, the func- 
tion g-; will not fulfill this condition; therefore 
®_—25~(3/2)h can be represented in the form 


_ l me ‘ 
w—2.5-(3/2)h = D-2.5-(3/2)h_ 'P-1 + @-25-(3/2)h (4.12) 


where @ fulfills Tricomi’s condition and b_»5;~ 5,7! 1s 
a constant. Naturally, if the right-hand side of Eq. 
(4.10) is given arbitrarily, the solution will also have 
the form of Eq. (4.12). 

Thus, Eq. (4.9) assumes finally the form 


sates ” I . ca a A : 
9-2.5-1.5h) = 9-2.5-1.5h T ®-2.5-1.5h = 9-2.5-1.5h + 
b_» 5—1.5h y-1 = @ 2.5—1.5h (4.13) 


The last expression can be developed in terms of the 
particular solutions of Eqs. (4.4) 


i ee 
9~25-1.5h" = €-25-1.5h + O~-25-151 ' ¢-1 + 


Do b-25-15h *™ vosto.se (4.14) 
k=O 
Here the 4's are constants, their subscripts correspond to 
the subscript of the function g* in whose representation 
they occur, their superscripts correspond to the sub- 
script of the functions ¢, whose coefficients they are. 
An example in which one can see somewhat more di- 
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rectly how Eq. (4.14) comes about is the flow over 4 
wedge profile.“ ° These investigations lead to soly 
tions of the form of Eqs. (4.14) if one takes into account 
that, because of the symmetry properties of the profile. 
the coefficients of some of the terms will be zero. 

Any solution that fulfills the boundary conditions at 
the surface of the profile can be represented by 
superposition of Eqs. (4.5) and (4.13) 


g=¢-i*+ ) yr op o5-156- 115 


h=0 


_ sls se 1.5h ‘ 
The coefficients d are arbitrary constants, un- 
known at the present. By inserting Eqs. (4.5) and 


(4.14) into Eq. (4.15), one obtains 


> 2.5—1.5h 
ge = (e+ e")g-1 + >> d O—25-1.5h 
h=0 
= O15 Ooo 
a e $0.5+0.5 1.16 
Nt 0 


where the coefficients, ‘‘e’’ are given by the equations 


etme Vd bos eet (4.1% 


(4.17b 


The unknown constants are ultimately determined by 
the boundary conditions prescribed in the physical 
plane at a large distance from the profile. In the 
hodograph plane, these conditions are prescribed in 
the vicinity of point 0. They can be expressed in the 
following form: 


9° 


d 2.5—1.5h =a F Z:! 15h (c 4. e 1 . e 
A= G1, .... £18 


The functions F occurring here are determined by these 
boundary conditions—at least in principle. (For ex- 
amples see reference 5.) This formulation is inde 
pendent of the form and size of the profile. As is 
shown by Eqs. (4.17), the arguments of this function 
” and, 


2.5-1 


F depend upon the unknown quantities d 
besides, on constants “db” and “a,’’ which express the 
properties of the profile. Thus the Eq. (4.18) actually 
represents an infinite system of equation. That these 
boundary conditions are sufficient to determine the 
constants d~*°~'*” can be shown by means of an iter- 
ation procedure. As a first approximation of the 
solution, one chooses the flow for the Mach Number 
one. Then one has 


ais mh — 


Hence, from Eqs. (4.17), (4.5), and (4.6), 


Then Eq. (4.18) gives the improved approximation for 
the d's 


g-t5-1 ,, p-tt-1 ty 99...) 
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ON TRANSONIC 
Using these values one finds improved approximation 


for the e’s. 
(5) THe SPATIAL PROBLEM 


We try now to find a representation of the spatial 
flow pattern in the form of a development with respect 
tot. For small values of ¢, the flow in the vicinity of 
the profile is expected to be plane. Along the profile 
This requires, according 
Thus, in 


v and z are proportional to ¢. 
to Eq. (3.3), that ¢ is proportional to ¢ also. 
the vicinity of the profile, the transformed potential 
can be expected to have the form 

g = t-g-1*(n, 6, y) (5.1) 


is defined in Eqs. (4.5) and 
occurring there are 


where the function g—,* 
$6). All coefficients ‘‘c’’ and ‘‘a”’ 
functions of y. In an attempt to use this expression as 
a first approximation in a series of iteration steps, one 
might write gin the form 


g = t-g-\* + Ag (5:2) 
where Ag is considered as small in comparison with the 
first term. Furthermore, ¢ may be small. The ex- 
pression g-,* fulfills the left-hand side of Eq. (3.9). 
Thus, one obtains the following equation for Ag: 


x * 
1;00 “P—-l:yy T 


similar terms) (5.3) 


~ 
6 
6 


Ag¢,, = nA¢gos 


The form of this equation suggests a development of 
The function g—,* behaves 
1. a differentiation with re- 


the solution in powers of f. 
for small values of 7 as 7 
spect to 6 can be expressed as a differentiation with 


respect to ¢; and, in this process, a factor y~*” occurs 


for each derivative with respect to 6. Thus, for small 
values of n, the term on the right-hand side of the last 
equation is proportional to n°. This shows that, no 
matter how small ¢ is chosen, there is always a region 
in the flow field in which the term on the right-hand 
side cannot be considered as small; the hypothesis of 
Eq. (5.2) cannot be applied for the entire flow field. 

Therefore, a surface S» is introduced which lies be- 
tween the map of the profile 5; and the y-axis (see 
Fig. 2). The regions between S; and S,: and between 
5: and the y-axis are called Ri and R2», respectively. 
In the region Ri, a development carried out in the 
manner just mentioned is feasible—i.e., one can first 
disregard the right-hand terms in Eq. (3.9), and take 
the influence of the right-hand terms into account later. 
Along S, certain boundary conditions are imposed on 
the region R; which depend upon the solution in the 
region Ry. These boundary conditions will be seen to 
have an important influence upon the pressure dis- 
tribution over the airfoil. 

On the other hand, the flow in the region R» is deter- 
mined by the boundary conditions which are imposed 
For ¢ = 0, the flow in the 
If Se is sufficiently 


to it because of the flow Rj. 
region R, is given by Eq. (5.1). 
remote from the profile, the prevalent term in this ex- 
pression is 


AIRFOIL 


THEORY WH 








“7 


Representation of the wing in the n, 6, y-space 


Fic. 2 


g = t-cly):e4 (9.4 


Let us discuss the flow in the region R, under the 
assumption that along S. the solution will assume the 
form of Eq. (5.4). Later we shall show in which sense 
the expression so obtained can be considered as the so 
lution for ¢ = 0. 

In Eq. (5.4) the occurrence of the factor ¢ is incon 
venient. It can be eliminated from the boundary 
conditions without being introduced into the differen- 
tial equation by the following transformation 


o(n, 0, y) = 1 °3(%, 8, y) (9.5 
with 7 = [-%4-n (5.6a 
6 = t{-*-9 (5.6b 


Then one must consider a solution of the differential 
equation 


San is | C66 s ) 


Luv \ San P00 — $9) 


(2.4 


Pay * P06 — Poy Pra + 2055 ° Pay *Péby 
The transformation moves the surface S» to infinity, if 
Therefore, (Eq. 5.4) yields the condition 


t—» (). 


>~ cC(y)¢e-i(9, QA) for 77> @ (5.8 


¢ 
One notices that the transformation (5.6) does not affect 
the values of ¢ (Eq. 4.3). 

Let us introduce a fixed surface S; in the 4, 8, y-space. 
The region outside of this surface may be denoted by 
If the be 
havior at a large distance is given by Eq. (5.8), the 
right-hand terms of Eq. (5.7) become smaller in com 
parison to the left-hand terms if one proceeds to larger 
A first insight into the behavior of the 


R;, the region inside of this surface by Ry. 


values of 7. 
desired solution at large values of 7 is, therefore, ob 
tained if one neglects in the region R; the right-hand 
terms of Eq. (5.7) entirely. Then the differential equa 
tion is the same as for a plane flow and the solution can 
be represented by means of the particular solutions of 
Eqs. (4.4) with negative subscripts (if the particular 
solutions of Eqs. (4.4) with positive subscripts were 
admitted, the expression ¢g—, would not prevail for 
large values of 7). The solution will then have the 
form 

& = c(y)-¢-1(H, 6) + dy) + 


Fees, 


h=0 


3h(9, 8) (5.9) 
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Here the coefficients are functions of y. The coefficient 
c(y) is given by the condition (5.8); it represents a 
property of the airfoil. All other functions are deter 
mined by the flow field as a whole. Ultimately they 
depend upon the function c(y), which expresses the 
only boundary condition occurring here. 

We have here a strong analogy to Eq. (4.18), which 
expresses the boundary conditions at a far distance 
from a profile in plane flow. One difference is that, 
presently, only the function ¢c(y) occurs, while functions 
which would correspond to the constants ‘“e’’ in Eq. 
(4.18) are zero. It is perhaps unnecessary to mention 
that the function d(y) depends upon the behavior of the 
function c(y) along the entire span, not only on the 
value which c(y) assumes at the cross section y = const. 


under consideration. Since the function g 1 is sym 
metric with respect to the plane 6 = 0, the entire flow 
For this 
The 


term d°(y) does not have a counterpart in Eq. (4.18). 


field expressed by Eq. (5.9) will be symmetric. 
reason, no terms ¢_» 5-3; appear in this equation. 


) r+ 


There it would have been an unessential constant. 


But here, the term d°(y) 
the velocity component in the y-direction which intro- 


gives a contribution to 
duces in the flow equations a coupling between different 
cross sections y = const. 

If the terms of the right-hand side of Eq. (5.7) are 
taken into account also in R3, one will expect that the 
solution can be characterized in a similar manner as 
previously—i.e., that it is determined by a number of 
functions d(y) which are given by the flow field as a 
whole. To show this we try to represent the flow in 
the form of a development with respect to 7. 

We start with an expression which is suggested by the 
solution for a plane flow 


e = cly):g-(h, 6) + d°*(y) + d-*(y)- g_-4(4, 8) (5.10) 
The terms in this equation satisfy the left-hand side of 
They are products of powers of n, of func- 
If they are inserted 


Eq. (5.7). 
tions of y, and of functions of ¢. 
into the right-hand side of Eq. (5.7), terms of the same 
form will arise, and, thus, it is possible—at least form- 
ally—to find correction terms for the expression on the 
right-hand side. 

Let us consider the term of the right-hand side which 
appears with the highest power of 7. Using Eq. (5.10) 
one finds 
d*|d(y) |. 

dy? \P—1,°C-1,0 — CO -1, 9) 

d?{d°(y) | 
dy? 


n ‘-function of ¢ 


Hence, it follows that the expression which corrects 
for this term will have the form 
d*[d°(y) ] 


dy? 


n °m(¢) (5.419) 
The function m(¢) is found as solution of an inhomo- 
geneous linear differential equation of the second order; 
the power of » which appears in Eq. (5.11) appears as 
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rc 
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a parameter on the left-hand side of this equation 
The boundary conditions imposed on m are the sam 
as those imposed previously on the function 1.€,, 
we require that m(¢) and all its derivatives are bounded 
for ¢ = 1. The procedure described is typical for th 
determination of subsequent terms in the development 
of the solution in powers of 7. The only expressions 
fulfilling the corresponding homogeneous equation and 
the boundary conditions prescribed are the functions 
f listed in Eq. (4-4). 
only expressions which are not directly determined by 


Their coefficients d(y) are th 


the differential equation, but they are determined by 
the flow field as a whole, which is dependent upon c¢(y 
The similarity between this result and the one obtained 


when the right-hand terms of Eq. (5.7) were neglected 
in the region R3; is evident. 


The first terms of the solution ¢ are, thus, given by 


e = c(we-ul, 6) + d°(y) +- 
(7, A) = [d?(d 


d—“(y)e dy” |n-*m(¢ 5.12 


The derivation of the last equation seems to be quite 
similar to the development attempted at the beginning 
of this section. But the present representation is con 
structed for a limited region only; thus, the convergence 
difficulties, which were the cause of the failure of the 
first procedure, do not occur. In the present result the 
functions d(y) appear, and their determination requires 
the solution of the boundary value problem for the re 
gion R». Naturally, this is an extremely difficult 
problem. For the discussion of the essential trends of 
our problem, it is sufficient to know that the solution 
can be written in the form of Eq. (5.12), and that the 
coefficients d(y) are, in principle, determined by the 
function c(y). 

Now it can be shown in which sense Eq. (5.12) can 
be considered as a solution of the flow problem for 
t—> 0. Actually we have two representations which 


are supposed to be valid for t +> 0—i.e., Eq. (5.1) and 
Eq. (5.12). 


profile, the second at a large distance from the profile 


The first is supposedly valid close to the 


It will now be shown that, after one introduces a slight 
correction into Eq. (5.1), there is a region in-between 
in which these expressions agree in the limiting case 
A region suitable for this purpose may be 
$9248 (y, ¢) and » = i" 


t—> 0. 


bounded by the surfaces 7 = 
fo(y, ¢). 

Now Eq. (5.1) is rewritten, using Eqs. (4.5) and (4.6 
in such a manner that 7 occurs always in the combina- 
tion n-t~°-*4 
If: (¢, —1) oo 
24) ACE 1) + 


c(y) -£-#8(n-¢—0-24) 
al(y) -t!-*4(n-¢ 


o= 
(5.15 


Using Eqs. (5.5) and (5.6), one obtains similarly for Eq 
(5.12) 


g = c(y)f- (n-t—°-*4) —Ifs (¢, —1) + 


£9-®d°(y) + d-8t!-24(y- t-0-24) (5.14 


aft( ec. —44 
The two expressions agree for sufficiently small values 
of ¢ if one adds in Eq. (5.13) the term ?°-* do(y), which, 


for small values of ¢, is without influence in the fulfill- 
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ment of the boundary conditions at the airfoil. The re- 
gion in which this transition from one solution to the 
other one can be made moves with decreasing values 
of f to smaller and smaller values of 7. Thus, the sur- 
face S» which is fixed in the n, 9, y-space is not suitable 
to make the transition from one solution to the other. 
This is obvious from Eq. (5.1) together with Eq. (4.5 
the relative magnitude of the solution w_; in compari 
son with ¢_; does not change in dependence upon / at a 
fixed point of the n, 6, y-space. 

Naturally, if ¢ # 0, additional terms will occur in the 
solution. In the region R,, these additional terms are 
given by the solutions (4.9), which leave the surface 
of the body unchanged, and by correction terms which 
take into account the spatial terms in the flow differ 
ential equation. 

For the region R», correction terms are obtained by a 
the 
Again it is possible 


linearization of the flow dffierential Eq. (5.7) in 
vicinity of the solution for ¢ 0. 
to express particular solutions obtained for the linear 
ized equation in the form of a development with respect 
ton -. 
To obtain the form of such a development, we write 
down the linearized differential Eq. (5.7) but retain in 
it only those terms of the right-hand side which are 
predominant for large values of 7. Denoting the devi 
ation from the solution for ¢ = O by x, one finds 


Yan nxig = [d?(d°) dy*|-c(w)[¢e 1: aq Xba + 
¢-1;05 ‘Xam — 2-1 a Xai] 


Solutions of this equation have, in principle, the form 


Y1 e—"(y)g_1(7, 8) + d-1"(y) + 
d_»~(y)g_4(4, 0) + [d?(d°) dy?]-c(y)q-m_4(6) (5.15) 
1+h - | } 0 
X14) e (y)¢14a(7, 8) + di4n'(y) + 
dyan (Vv) ¢-4(9, 8) + [d?(d") dy*|-c(y)7q" “m1 +4(€) 
(5.16) 
X0.5+/ eT "(y) ¢0.5+A(1, 6) + 
do 5+ ? 25(7, 0) + [d?(d°) /dy*]- 
Cy) HO P'mosanlO) (5.17 


Here the coefficients e(y) are arbitrary; they correspond 
to the constants e in Eq. (4.18), which express proper 
ties of the profile. The coefficients d would occur in 
this solution, even if, in a certain region R;, the spatial 
terms of the differential equation were neglected; they 
are not directly determined by the differential equation 
but by the solution of the linearized boundary value 
problem as a whole. This boundary value problem 
must fulfill the boundary condition that 
values of 7 the function x is represented by the first 
term in the Eqs. (5.15), (5.16), or (5.17). Thus the 
The functions 


for large 


depend in principle upon the e(y). 
m arise from the differential equation by a systematic 
development with respect to 7. Their subscripts cor 
respond to the subscript of x in whose representation 
Since the flow for ¢ = 0 is symmetric 
with respect to @ = 0, certain symmetry conditions will 
i.e., if the first 


the m’s « cecur. 


be found in these particular solutions 
lunction in the above expressions is symmetric, the 


\ 1 
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entire expression is symmetric; if the first function is 
antisymmetric, the entire expression is antisymmetric. 
The boundary conditions at a far distance from the 
body are fulfilled if the flow field is represented by a 
superposition of the particular solutions of Eqs. (5.15), 
(5.16), and (5.17) to the basic flow Eq. (5.9). This 
system of particular solutions can be expected to be 
complete because of its close relation to similar solutions 
in the plane flow. One will remember that the functions 
e(y) are arbitrary. 
\ FINITE ASPECT RATIO 


(6) THe AIRFOIL WITH 


Up to now we obtained two expressions for ¢ 0, one 
valid in the vicinity of the profile, the other at a large 
There is a region in which the preva 
finite 


distance from it. 
lent terms of these expressions agree. For a 
aspect ratio, one must superimpose on each of these 
expressions further terms such that a smooth transi 
tion from one representation to the other is achieved 
also for higher powers of ¢. 

The comparison of the two solutions will be carried 
out along the surface S.. Along this surface, which is 
fixed in the n, 6, y-space, the solution for the vicinity 
of the airfoil will not reduce for ¢ = 0 to its first terms; 
thus, by carrying out the matching along this surface, 
we are likely to take into account terms which are 
unnecessary for an approximation of a low order in ¢. 
But .S: is practical for the estimation of the spatial terms 
in the differential Eq. (5.9). 

The difference between the solutions found for ¢ = 0 
in the regions R; and R» occurs because of the function 
w_; in Ry, because of the spatial terms in R;, and be 
cause of the function ¢g_; and all subsequent terms which 
occur in the representation for the region R» given in 
Eq. (9.12). 

In correcting for this difference, the spatial terms will 
first be disregarded entirely—i.e., we shall try to con 
struct a solution with a smooth transition through 
Se using only those particular solutions which would 
occur in a plane flow. Afterwards the influence of the 
spatial terms will be taken into account. 

Omitting the spatial terms, one has, as basic flow in 


g = t-gi* + Pd(y tc(v)g_4(y, 8) 4 
tw_i(n, 0) + t-*d"(y 6.1 
and, as basic flow in R» [as found from Eq. (5.9) in con 
junction with Eq. (5.5) and Eq. (5.6) ], 
g = t-c(y)¢_i(n, 8) + f° d® (y) + 
Dd tet _4_ sal, 0) (6.2 
}/ 0 


The function w_; can be developed according to Eq. 
(4.6); then one has, in the region R,, 


A= 


g= t-c(w¢e 1\), ) + [9-6 y + 


a "(Y) ¢0.5+0.5n(7, 8) (6.5 
Here the a’s are considered as functions of y since the 


To 


profile will in general change in the y direction. 
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correct for the infinite sum in Eq. (6.2), particular solu- 
tions are added in the region R». For this purpose, 
functions xo5+0.51 [Eqs. (5.16) and (5.17)] are com- 
puted, in which the functions e°°*°” are given by 
a(y)°°*+°°* This computation determines the func- 
tions d occurring in Eqs. (5.16) and (5.17); they may 
now be denoted by 6 with the same indices as pre- 
viously. Written in terms of the coordinates 7 and 6, 
these particular solutions are given by 


0.4—O0.4h 1+h ) 
p08 yer 4n(t 8) + 81440 (y) + 


X1+h 
4—3k,1.641.2h 
D> bi4h t ~ —4-—3k 
P 
0.2—O0.4h O.5+h 
X0.5+h = t a (vy) FO.5+h (n, @) + 
° —2.5—3k ,1+1.2) 
= O0.5+h t ¢ —2.5—3) 
k 


In the region Ro», the following expression is added to 
Eq. (6.2): 
 0.240.4h ~ 0.440-4h 
t pe Xos+h t DL! X1i+h as 
h=0 


h=0 


0.5+0.5h 1.44+0.4h 0 
tia €0.5+0.5h 5 ia dt O14h Ly) Tt 
h=0 


h=0 


34+1.2k+0.4h « 1—3k 
t O14+h ‘)) C488 FT 


h=O0k=0 

2.2+1.2k+0.4h 2.5—3k 
 B + E. 61/2) +h O —2.5—3k 
h=Ok 0 


The first terms in this expression are obviously equal 
to the sum in Eq. (6.3). The difference which now 
exists between the representations in the regions R, 
and Ro» is given by 


—4—3hA ,2.24+1.2h 
ys d ‘i: g —1—a4 (9, 8) + 
Ah=0 
1.4+0.4h «6 0 = 3+1.2k+0.4h 
aL Sign (y) + Lt x 
h=0 h=O0k=0 
© —4—3h 2.2+1.2k+0.4h 
O1+th (y) g-4-3% + 2 Zz! x 
h=O0k=0 
2.5—3: 
b0.5+h 9 —2.5-—3) 


In this expression the terms of the lowest orders in ¢ are 
t!-4§)9(y) -- £?-*d-4(y)ge_s + f°-760,5—759_25 
As a compensation, we add in the region R, the expres- 
sion 
£149, °(y) -+- t?-*d—4(y)g_4* + t?-"60.57?-9_2.5* 
This addition would, in turn, require a compensation in 
the region R», which would, however, be of a higher 


power in f. The 
representation obtained so far is sufficient for the 


This procedure could be continued. 


present purpose. 

Now the spatial terms must be taken into account. 
For the determination of the particular Eqs. (5.15), 
(5.16), and (5.17), a linearization in the vicinity of 
the expression which gives the basic flow in the region 
R, was carried out; therefore, it is important that the 
deviation of the actual solution from the basic flow is 
small in the region considered. As mentioned before, 
the relative deviation of the two representations for the 
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flow at ¢ = O is finite along Sz». 
arbitrarily small by choosing S: sufficiently close to the 


y-axis. Thus, the linearization is justified. 


The prevalent spatial terms in the region Ro» are those 
According to Eq. (5.12), they are 


of the basic flow. 
of the order (¢*-* for fixed values of n and @. 
influence in the region R, is found as a correction to the 
This correction 


The spatial 


plane basic flow given by Eq. (6.1). 
may be denoted by Ag. It is determined (in the 
lowest order in ¢) by the following differential equation 


AGay ae nA veo = [d?(d°) dy”|-t?-*(¢ l oar ¢g 1:60" 

Y—-1:69 ° 
The solution is subject to a homogeneous boundary 
condition at the surface S$; which expresses that the 
surface of the airfoil is not changed by the superposition 
of the expression Ag and another linear homogeneous 
boundary condition along S: whose exact form is un- 
essential. The factor ¢?-* on the right-hand side of 
the last equation indicates the order of magnitude of 
the correction thus obtained. 

In general, there will be no smooth transition be- 
tween the spatial correction terms in the regions R, and 
R»; the difference along the surface S» is of the order 
f?-6 This will account for an additional correction in 
the region R, of this order of magnitude. 

According to these considerations, the flow in the 
vicinity of the profile will have the following form: 


= t°-®do(y) +. tle i*(n, 6, y) + 


t}.2d (we :*(n, 6, ¥y) + t!-760.5 
t6AZ(n, 6,y) +...) (4 


2.50 95*(n, 8, y) + 


In this expression Ag denotes the influence of the 
spatial terms in the differential equation. 


(7) DiscussIoNn 


From the last equation the velocity which one obtains 
in the physical plane can be computed. The first term 
gives a velocity in tie y-directions—tt is independent 
from x and zs. The first term in the bracket gives the 
plane flow over the airfoil sections at the free-stream 
All subsequent terms can be con- 
The next two 


Mach Number one. 
sidered as a perturbation of this flow. 
terms are also known from investigations of plane flow 
patterns. If the body is symmetric, the term ¢ 
gives the change of the velocity distribution which 1s 
due to a deviation of the free-stream Mach Number 
from 1. If the body is unsymmetric, a change of the 
free-stream Mach Number would express itself by a 
linear combination of the two terms ¢_4* and ¢-25"; 
a change of the angle of attack would express itself by 
another linear combination of these expressions. There- 
fore, the influence of the terms ¢_;* and g_25* in Eq 
(6.4) would correspond in a plane flow to a combined 
change of the free-stream Mach Number and of the 
angle of attack; they are of the same order of magni- 
tude. 

If one computes the pressures along the profile from 


Bernoulli's equation, the velocity component ®,, which 


But it can be made 
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is proportional to , enters the computation in the first 
power —the velocity components #, and ®,; in the second 
power. The terms g_4* and ¢_25* give additional ve- 
locities at the profile (in comparison with the plane flow 
at a Mach Number one), which are proportional to 
(2: the y-component of the velocity obtained from the 
term d° is proportional to /°-*. Thus, their contribu- 
tions to the pressure changes are of the same order of 
magnitude; the deviation from a plane flow at a Mach 
Number can be interpreted in the lowest order of ¢ as 
4 combination of a change of the free-stream Mach 
Number and a change of the angle and of the pressure 
level. These changes are proportional to ¢'-*. The 
spatial terms in the differential equation give an effect 
proportional to ¢-°, 

The coefficients d° and d~* are found from the solu- 
In this boundary value prob- 
Thus, different 


tion for the basic flow. 
lem the only given function is c(y). 
airfoils for which the function c(y) is the same will have 
the same correction coefficients d° and d~+*. The deter- 
mination of the coefficient 695~*-° requires the solution 
of a linearized boundary value problem. In the linear- 
ized differential equation the coefficients are given by 
the basic flow—.e., ultimately by c(y). The boundary 
condition imposed to this linearized flow is given by 
a’*(y). This function expresses the unsymmetry of 
the profile. Thus, for two profiles for which c(y) and 
a’*(y) are the same, the lowest order correction terms 
for the pressure distribution are related to each other. 
It is quite doubtful that one could perform the necessary 
analytical computations even in the simplest cases, but 
one might try to verify these effects experimentally. 

In the computations the basic flow is determined by 
the displacement of the model; the unsymmetries of the 
airfoil appear as a correction. This is in marked con- 
trast to the subsonic flow where the trailing vortices 
caused by the lift have the predominant effect on the 
pressure distribution. Incidentally, this effect is pro- 
portional to ¢. In the transonic flow, the determin- 
ation of the lift corrections without prior knowledge of 
the displacement of the airfoil is impossible. The trail- 
ing vortices do not play a role here, since the flow be- 
hind the airfoil is supersonic and is unable to send signals 


to the airfoil. 


S) THE FLat PLATE OF A FINITE LENGTH WITH AN 
ANGLE OF ATTACK 


A somewhat extreme case is the flat plate at an angle 
of attack. Although the flat plate does not have a 
thickness, it gives a displacement in the flow which 
depends naturally upon the angle of attack. If the 
angle of attack is fixed, then the changes of the pressure 
distribution are proportional according to our previous 
results to t.): 2 

By the transonic similarity law, such a flow patterncan 
be connected to the flow over an airfoil with a different 
angle of attack. The relative deviation from the plane 
flow remains the same; if the angle of attack is multiplied 
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with a factor 7 and the span is multiplied with a factor 
r~*. Choosing 7 proportional ¢~'* such that the aspect 
ratio is unchanged while ¢ changes, the deviation from 
the plane flow becomes proportional to 6 Accord- 
ingly, if the angle of attack tends to zero for a given 
aspect ratio, the present approach is not applicable 
i.e., one comes into the realm of linearized theory. 


(9) CONCLUSIONS 


The present paper does not give the full solution for 
the problem of an airfoil of a finite aspect ratio at a 
free-stream Mach Number one. But it establishes 
the trends for the influence of the aspect ratio. In 
order to determine the deviation from a plane flow, 
one must solve two boundary value problems in space 
one for which a displacement parameter is given along 
the span and a second for which the angle of attack 
(or, more generally speaking, the unsymmetry of the 
airfoil) is given along the span. For airfoils for which 
these two quantities are the same, the coefficients 
which characterize the deviation from the pressure dis- 
tribution for a plane flow over the airfoils will be the 
same. The differences in the pressure distribution are 
the same as those caused in a plane flow by a change 
of the free-stream Mach Number, a change of the angle 
of attack, and a lowering of the overall pressure. This 
last effect is due to the wind component in the direction 
of the span of the airfoil. 

It is quite typical for transonic flow problems that 
the effect of an angle of attack upon the pressure dis- 
tribution depends upon the displacement of the 
model—i.e., a thicker body will have a smaller angle of 
attack correction for the pressure distribution. But 
one will remember that for the present investigations 
even the flat plate at an angle of attack possesses a dis- 
placement effect. 

The effects of a higher order appear with a power ('-*. 
Their dependence upon the original data is more com- 
plex. Since this power of the aspect ratio differs only 
slightly from the power':*, which gives the corrections 
of the lowest order, it may be difficult to separate them 


by experimental means. 
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The Correction of Hot-Wire Readings in a 
Boundary Layer for Proximity to the Solid 
Boundary 


E. G. Richardson 

Physics Department, University 
Newcastle-on-Tyne, England 

April 30, 1956 


i NREQUENTLY, the investigator in aerodynamics wishes to us 
the hot-wire anemometer in close proximity to an extensiy 


solid surface in order to explore the flow in the boundary laver 


of Durham, King’s College 


of a model. The wire being heated to a temperature above that 
of the fluid and solid loses heat by convection not only to the 
stream but also to the cold surface, so that the theory of King 
In a paper by Piercy, Winny, and the 
hot 


is not directly applicable. 
writer,? King’s theory is developed for the case of a wire 
moving through a fluid in a direction perpendicular to its axis and 
parallel to an infinite plate at the same temperature as the fluid 
Experiments are also described in which the wire of radius a was 
carried round a large brass cylinder at a fixed distance /} there 
from while data on heat loss from the wire at different velocities 
U’ were obtained. The heat loss H was actually derived fron 
measurements of the increase of electrical power supplied to the 
wire to maintain its temperature (@) constant. 

Results from this work are presented in the form of Nusselt 
Number H/2rk0 (k = 
parameter Uan (n = 
b/a on Fig. 1, which shows satisfactory agreement between ex 
The parameter Uan can be expressed, of 


thermal conductivity) for values of th 
reciprocal of thermal diffusivity) against 
periment and theory. 
course, in terms of the product of Reynolds Number for the wir 
and reciprocal Prandtl Number for the fluid, the latter being 
1.35 m air; thus Uan = (Uav) (cv/k)~, ¢ being the specific heat 
per unit volume and vy the kinematic viscosity 

The horizontal lines of Fig. 1 which the curves attain at larg 
values of b/a correspond to the calibration of the hot wire in th 


free stream. The amount of heat loss which must be subtracted 
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iding at a given }/a to bring it down to this level is the 


fr 
rection, Which must be read off from the curves 
The case for U = 0 (the lowest curve of Fig. 1) is a problem 
pure conduction, since we neglect “naturai’’ convection, and 
readily be solved by the method of images, the solution being 
mally equivalent to that for the capacitance of a charged cyl 
inder near a flat plate. It is evident that to use this curve at all 
elocities to correct hot-wire measurements in boundary layers, 
s some previous experimenters have done, can lead to quite 
rroneous results. Alternatively, the calibration in the fre¢ 
m may be applied to the whole of the results of Fig. 1 to 
give new curves of “apparent velocity’’ against distance from the 
boundary for a wire of given diameter. This has been done, for 
unple, for a wire of diameter 0.001 in. on Fig. 2. The hori 
ntal portions of these curves represent “‘true velocity’’; the 


broken line delimits the region in which a correction is necessary. 
4 test of the application of these results can be made by traversing 
hot wire along the normal to the boundary layer of a flat plate, 
set edge-on to the wind, and correcting the apparent velocities 


iid of Fig. 2. Such a profile trace is shown in Fig. 3 


vith the 

will be noted how the convection to the plate sets in quite 
suddenly, making the apparent velocity rise as the plate is 
ipproached but that, on applying the correction, the true velocity 


smoothly and steadily toward zero at the plate itself 





Nowadays, most people using hot wires are interested in the 
intensity of turbulence in a boundary layer. The indications of 
the hot wire so used will also be affected by proximity to the solid 
is can be seen from Fig. 2 where two vertical arrows have been 
inserted to correspond to a given velocity fluctuation These 
wrows represent, in terms of the parameter Lan, the apparent 
velocity fluctuation which would result—one at a considerable 
distance from and the other close to the plate. It is clear that 
the latter is longer and would require correction down to the 
length of the former. Thus, proximity to the surface exaggerates 
the indication of a hot wire in respect of turbulence to the same 
degree that, when it is used for steady flow, it exaggerates the 
ipparent velocity This has been confirmed by experiments in 
ch the response of a wire oscillating in a /aminar boundary 
At a given amplitude, 





layer close to a plate has been measured 
the oscillatory heat loss goes up as the wire approaches the plate 
These results are equally applicable in hydrodynamics; in 


fact the writer is using them at the present time to correct the 
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Fic. 3. Correction to indications of hot wire in a boundary layer 


(@ as measured, O as corrected 


readings of hot-wire indicators mounted under ship model hulls 
towed in the tanks of the British Admiralty Experiment Works 
It is to be noted that the thermal diffusivity of water is 0.0014 
as against 0.22 for air at laboratory temperature; consequently, 
the heat loss coefficient for a given wire at a given speed is 150 
times greater in water than in air and consequently, even when 
operating at low speeds in water, one is concerned with high 
values of Uan to which the correction is not obligatory except 


very close to the solid surface 
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A Principle of Maximum Power for Real Fluids 
in Steady Motion 


Carlo Riparbelli 
Convair, San Diego, A Division of General Dynamics Corporatior 
May 7, 1956 


en INCOMPRESSIBLE FLUIDS in steady subsonic flow are con 
sidered. An example would be a river, for which the hy 
draulic engineer is able to draw a map of the velocity distribution 
at any section. The indicated velocity is an average over a time 
interval (sudden small deviations are not considered) and, at any 
station, is independent of time. Such a flow presents empirical 
stability because, if disturbed, it returns to its steady configu 
ration when the disturbance is removed. Because of such empirical 
stability, the velocity distribution must be determined by some 
maximum or minimum condition of the energy connected with 
the flow. Thiscan be defined by means of the following analogy 
The relation between the shear stress r and the velocity gradi 


ent dV dn, 


r = f(dV/dn l 


is assumed to be known from the physical properties of the fluid 
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and the local conditions. It can be different at different points 
of the fluid body. 

An analogy is established between the velocity distribution in 
the fluid and the displacement distribution in an ideal elastic 
material deformable in shear but having constant volume. The 
relation between the shear stress 7 and the distortion y in such 
an ideal elastic material is assumed as 

r = f(y) (2) 
in which the function f is the same as in Eq. (1). We will indi- 
cate such a material as gelatin, since gelatin offers an example 
of a material deformable in shear and with constant volume. The 
boundary conditions are assumed to be the same for the fluid and 
for the gelatin 

Continuity and equilibrium being satisfied, all the deductions 
of linear and nonlinear elasticity obtained for such a material find 


their correspondents in the flow, provided 


displacement is replaced by velocity 


distortion is replaced by velocity gradient 


deformation energy is replaced by dissipated power 


Assuming the head pressure distribution in the fluid (and there 
fore the external load distribution on the gelatin) as given, the 
principle of minimum potential energy is applied to the gelatin 
Virtual displacements compatible with the boundary conditions 
in the gelatin correspond to virtual velocities in the fluid. There- 
fore, in the latter, the sum of the dissipated power (positive, cor- 
responding to deformation energy) and of the power input (nega- 
tive, corresponding to the potential increment of the applied 
forces) is a minimum for the true distribution of velocities among 
those compatible with the boundary conditions. 

Reversing the signs--the velocity distribution is such that the 
power available (power input minus power dissipated) 7s a maxt- 
mum. 

Conversely 
imposed, the power available is a minimum. 

In the particular case of viscous flow, Eq. (1) is linear, and the 
analogy with gelatin presenting a linear shear-distortion rela- 


if the velocity distribution at the end sections is 


tion allows the conclusions of linear elasticity to be extended to 
the flow. For instance, if a propeller at position and direction A 
causes a velocity V at position and direction B, the same propeller 
at position and direction B will cause a velocity V at position and 
direction A (Maxwell’s reciprocity theorem). 

In the case of turbulent flow, the boundary layer will be repre- 
sented by a sort of elastic cement having different properties 
from those of the main body. 

The analogy can be extended to composite systems in which an 
elastic structure at contact with the fluid is deformed by the flow. 
The fluid is replaced by gelatin while the elastic structure is kept 
as given. The principle of minimum potential energy is applied 
to the resulting elastic system. The deformation energy is the 
sum of the deformation energies of the two parts—-structure and 
gelatin. Coming back to the given fluid-structure system, the 
previous conclusions are valid provided the deformation energy 
of the structure is added to the dissipated power at every time unit. 

The same rule can be generalized to include any form of stored 
transformable energy, such as elastic or kinetic. The outlined 


principle of maximum power, written as 


power introduced power dissipated transformable 


time time energy 
takes the form of Lagrange’s equations applied to the fluid in 
motion (not to the gelatin). At this point, the restriction of the 
principle to incompressible fluids can be removed. 

The application of this principle to bodies exhibiting viscous 
plasticity gives reason for Hill’s principle and for the Huber- 
Hencky-Mises plasticity condition.** In hydraulics, it confirms 


Belanger’s principle of maximum flow.* 
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Buckling Loads of Pin-Ended Fluid Columns 


M. J. Forray 

Principal Structures Engineer, Republic Aviation Corporation 
Farmingdale, N.Y 

May 11, 1956 


TT" PURPOSE of this report is to present design curves for the 
determination of the buckling load of fluid columns 

A typical fluid column (Fig. 1) is composed of an actuating 
cylinder, piston, and piston rod. The fluid column differs from 
the simple Euler column in three respects: (1) Fluid pressure 
transmits the axial load over part of the length of the column 
(2) The column is stepped—that is, its length is divided into two 
parts of different moments of inertia. (3) These two parts are 
not joined together rigidly but are joined in effect by a flexible 
coupling, consisting of the bearings and oil seals on one side and 
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Fic. 1. Initial buckling loads for shallow spherical domes under 
uniform pressure, from reference 4. 


load vs. deflection characteristics of the shell, or, as it is called in 
reference 4, the ‘classical criterion.”’ In terms of the parameters 
employed in reference 4, there appears to be a considerable scat 
ter in the results. Klein® attempted to explain this scatter on 
the basis of initial irregularities 

In an attempt to extend the range of calculations of Kaplan 
and Fung by solving their equations (or, equivalently, those ob 
tained by Chien*®) by power-series expansions, slightly different 
parameters were employed. It is the purpose of this note to 
present a reinterpretation of the theoretical and experimental re 
sults of reference 4 in terms of these new parameters. There 
then appears to be a very definite and unusual trend in the buck 
ling loads as well as an interesting correlation between the other 
experimental and the theoretical results. 

The new parameters are 


p = C(B?R/h) (the geometric parameter) 


Q = (1/2) (CqR?/Eh?) (the loading parameter) 


where 


v is Poisson’s ratio, R is the radius of the shell, 8 is the semi 
included angle of the shell, # is half the thickness, E is Young’s 
modulus, and gq is the uniform pressure on the surface of the 
shell taken positive inwards 

These parameters are related to A, P?, and K of reference 4 by 

p = (2) —*/2 2 
Q = 12C(P/p?) = 4CK 

The theoretical and experimental results for initial buckling loads 
at vy = 0.32 are shown in Fig. 1. The curves drawn through the 
experimental points are not calculated from a curve-fitting 
method. They are included to indicate the apparent trend of the 
data. The final buckling loads exhibit a similar behavior 

It could be stated that other less drastic curves may be drawn 
through the experimental points. Based on the following evi 
dence, it is believed that the indicated curves reveal the actual 
Q., vs. p characteristics. The theoretical calculations of Kaplan 
and Fung have the same general trend, and the peak points of the 
curves occur in the region where both experimental measure 
ments and theoretical calculations reveal a change in the mode of 
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deformation (see Figs. 12 and 16 of reference 4). . That is, in th, 


region from p equals 6 to approximately 20, the shell deforms 


with a single maximum deflection point located at the center [se 


Fig. 2(a)]. In the region from p equals approximately 2() to 
approximately 55, the shell deforms with a local minimum « 
flection point at the center and a local maximum deflection point 
between the center and the edge [see Fig. 2(b) For p greater 


than 55, the shell deforms with two local maximum deflection 
points, one at the center and the other between the center and 


edge [see Fig. 2(c)]. 


Hence, there appears to be an oscillators behavior betwer nh the 
loading parameter Q,, and the geometric parameter p This be 
havior changes abruptly with a change in the mode of deflection, 
the violent peaks occurring at a transition point from one mode of 
deflection to another. Thus, in terms of these new parameters, 
there is a greater correlation between the theoretical and « 





mental results of Kaplan and Fung 

In Fig. 3, the experimental and theoretical results of referenc: 
3 as well as those of reference 4 are presented and interpreted in 
the light of the previous discussion. It thus appears that Tsien’s 
experimental results may also indicate the peaking behavior of 
the buckling loads 

These curves are reminiscent of the buckling coefficient ys 
aspect-ratio plots encountered in the buckling of elastic plates 
p may then be considered as a type of aspect ratio, with the vari 
ous branches of the curve representing modes of buckling 

From the preceding presentation of the results, it could be sus 
pected that the asymptotic behavior as p ~ ~©——1.e., the thick 
ness ratio going to zero or the shell rising into a high arch —ma\ 
be a complicated phenomenon. Furthermore, in treatments 
where the form of the deflection is assumed, care must be taken 
for the range of p in which the calculations are applicable 

Further experimental results, particularly for 70 < p 150, 
p > 400, and for p in the transition regions would be valuable i1 
deciding on the validity of the interpretation presented in this 


note 
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Fic. 2. Modes of deflection vs. horizontal distance from axis of 
symmetry for various ranges of p 


Ow Tests (Imitiac Loao) 


+Aim Pressure Tests 
—— Tsien's THeoreTicar Resutts 


P 
Fic. 8. Initial buckling loads for shallow spherical domes undet 
uniform pressure, from references 3 and 4 














wher 


estin 


emp! 


wher 


PI 


Is, in the 


deforms 


Criter | se¢ 


( 


iV 20 to 
num de 
101 point 
P greater 
leflection 


nter and 


ween the 
his be 
eflection, 
mode ot 
uneters, 


d experi 


reference 
yreted in 
t Tsien’s 


avior of 


ent vs 
pl ites 
he vari 


be sus 
e thick 
h—may 
itments 
e taken 


ixis of 


inder 








READERS’ 


Friedrichs, K. O., On the Minimum Buckling Load for Spherical Shells 
on Karman Anniversary Volume, pp. 258-272, Pasadena, Calif., 1941 
Tsien, H. 5S 1 Theory for the Buckling of Thin Shells, Journal of the 


seronautical Sciences, Vol. 9, No. 10, pp. 373-384, August, 1942 


Kaplan, A., and Fung, Y. C€ A Nonlinear Theory of Bending and Buck 

Elastic Shallow Spherical Shells, NACA TN 3212, August, 1954 
Klein, B., Parameters Predicting the Initial and Final Collapse Pressure 
Uniformly Loaded Spherical Shells, Journal of the Aeronautical Sciences 


Vol. 22, No. 1, pp. 69 70, January, 1955 
Chien, W. Z., The Intrinsic Theor) 
Math., Vol. 2, pp. 120-135, 1944 


Theory of Elastic Stability 


Quart 


Timoshenko, S McGraw-Hill Book Co., 


Inc. New York, 1937 


On the Evaluation of the Schwarz Function 
Yudell L. Luke* and Henry E. Fettis? 

Midwest Research Institute, Kansas City, Mo., and WADC 
Wright-Patterson Air Force Base, Ohio, Respectively 

une 4, 1956 


O~ OF THE MOST important transcendents appearing in both 
subsonic and supersonic unsteady aerodynamics is the well- 


known Schwarz function 


fal A, 8 = 


} e '™ToldXu)u” du; i= / -1 l 
0 


Jo is the Bessel function of the first kind In a previous 


Zartarian and Voss! presented a method for computation 


whe re 
note, 
using power series. In this paper we develop a solution based 
on the representation of the Bessel function by circular functions 
The discussion concludes with an application of the circular 
function representation to a problem in supersonic panel flutter 
Recently, Fettis? showed that the trapezoidal rule could be 
mployed to compute a certain class of transcendents with high 
curacy. Later, Luke* further explored the problem and found 
that equally good results could be achieved employing what he 
calls the modified trapezoidal rule. The latter procedure carries 
the advantage since for virtually the same accuracy the number 
of terms required is one less than that for the trapezoidal rule 
30th techniques are useful to compute many important functions, 
and the reader is referred to the original papers for the details 
For the problem at hand, using the modified trapezoidal rule, it 


can be shown that 


Jo(rXu) = 1/q > cos(A,u) + H 
} l 
A, = Acos [(2r -— 1 tq] ys 
where the remainder is given by 
Hy = — 2 Do (—)'Sagr( due) (3) 
’ 1 


If x is fixed, the Bessel function J,(x) quickly approaches 
Indeed, the convergence of Eq. (3) is 


sufficient to 


is increased 
so rapid that use of the first term only 
We can evaluate the error either by 


zero as n 
is often 
estimate the remainder 
employing well-known tables or by using the inequality 


where > (is the imaginary part of x 


Place Eq. (2) in Eq. (1 It can then be deduced that 
A > [(Ame + Cnr) — (Bar + Dmr)] + R 5 
) — 7 
= l 
where 
* Head, Mathematical Analysis Section 


Tt Mathematician, Aeronautical Research Laboratory 
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es 
ime = 3 } i cos (a,u) du 
7 
ez 
Ce = / nu” cos (b,u) du 
J 0 
*o . 
2 rs 
B, 6 u” sin (a,u) du 
J 0 
*2 
D } ul sin (bu) du 
e 0 
a, =I1+A ( l1—A 


Here &, is the remainder Using Eq. (4) and the first term of 
Eq. (3), a convenient bound is given by 
6 
R,| < i 7 
"' —~ 24-14g)"(m + 4g + 1 
where 6 0 is the imaginary part of » 


In the applications m is an integer If m is small, Eq. (6) is 


easily evaluated and the computation of Eq. (5) readily follows 
However, m may be as large as 6, and it is pertinent to show how 
the integrals in Eq. (6) can be found by recursions without 
For this purpose it is sufficient 
ind B 


Chen the following relations are 


serious loss of significant figures 
to omit the r subscript and to deal with the integrals A 
y and D*t = d*/dy 


easily established: 


Let ax = 


Ag = sin y/y Bo l= coyyy g 
An. = (— !FD*Ag 1a (— FD*+1B 8 
Be = (—)}D*™B, ae —(—)}tD%*+14,\ 
yDtAyg + RD*-1A Dé sin y / 

: 9 
yD'By + RD*By = —D* cos y k> O\ 


From Eq. (8) and Eq. (9) we find that 


sin y — RB, vB, kA, COS 3 10 


yA, 


and By are evaluated this 


the 


say y > 1, once A 


If y is large, 
scheme is convenient for determination of the 


A; and By. If y - 


of significant figures using Eq. (10 


recursive 
integrals 1, it is troublesome to avoid loss 
In this event, we proceed 


as follows. For the largest value of & required, first compute 


D‘ Ay and D*‘By from their respective power series representations 
In this instance the convergence is quite rapid since y is small 


Thus A; and By are known. Then use Eq. (10) in the backward 


form 
yB 1] 


cos Vv + 


kBy-; = siny— yA, kA; 


backward 


in serve as 


check on the 
and By, « 
a check when employing the forward recurrence systems, Eq 
(10) The 
computation, and should prove useful in a wide variety of aero 


serves as a 


Knowledge of By and Ao 
recurrence, just as prior computation of A, 
above procedure is easily adapted to automatic 
dynamic problems 

It may be remarked that in Eq. (1) 
JS wk & 


represented by means of 


we can replace Jo(x) by 
and proceed in a similar manner since J/,,(x) can also be 


The 


rules are applicable to any of three types of integral representa 


circular functions trapezoidal 


tions of J,(x), and all are important for applications. We omit 


further details, but see references 2 and 3, and the references 


given there 
An important virtue of the circular representations for J,(. 


is that it facilitates the solution of applied problems 


For example, in supersonic panel flutter, there arises the integro 


many 


differential equation, * 


d‘z €& _ dz 
B(x — W, + Ws— + slick — Wk? 4+ 
dx* dx? dx 
les d= 
kil Ww2—2 i” + r 4 . — §6)dé ) 1? 
J0 de? 
where 
QO = c~"(KM—-k)O Ty Ke ) : 
s = MK/s? 3 1 1 \ : 
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Here J is the Mach number, & is the reduced frequency, and ¢ 
and the W’, are parameters defined in the reference cited. In 
seek the parameters 
V/, k, ete. so that the solution of Eq. (12) satisfies, for example, 


the flutter problem, we combination of 


the boundary conditions 


x = 0 s = d*z/dx? = O| (14 
x= 2 s = d*z/dx? = 0\ 
To obtain a solution, assume 
\ 
> _ kax 7 
due ‘a sin 2 (15) 


Put Eq. (15) in Eq. (12) 
representations for the Bessel functions permits ready evaluation 


Then use of the appropriate circular 


of the integral in Eq. (12). If we require 
2? 
y me : 
B(x) sin : dx = 0 m = 1, 2, Nv 16 
0 ~ 


the problem is reduced to the determination of the eigenvalues 
of a matrix. 
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A Note on the Effects of Gas Dissociation on 
Boundary-Layer Heat Transfer 


Robert Bromberg 
The Ramo- Wooldridge Corporation, Los Angeles, Calif 
June 5, 1956 


INTRODUCTION 


- b pmen CONDITIONS of very high velocity gas flow over a body 
the gas in the boundary layer may be at least partially dis- 
sociated. Questions then arise as to how the details of dissocia- 
tion and recombination in the boundary layer affect the heat 
transfer at the wall. 

Starting with what is believed to be a correct picture of the 
energy diffusion process, it is shown that all effects of dissociation 
can be characterized by a suitable Prandtl modulus and use of the 
ordinary viscosity of the actual gas together with a modified 
energy potential. It then follows that the usual method of pre- 
dicting heat transfer in high velocity flow gives, in general, an up- 
per limit on the heat transfer to the wall. 

The results presented here are equivalent to those obtained by 
Lester Lees. Emphasis here is on presenting a simple picture of 
the limiting situation for heat transfer. 


THE ENERGY EQUATION IN AN IMPERFECT GAS 
The energy equation for the boundary layer may be written as 


(0/dy){(OU/dy) + p[O(u?/2) 


pu(O/ox)|h + (u?/2)] 


oy]} = 


+ pu(d0/dy) [hk + (u?/2)] (1) 


where p is the density, h is the enthalpy per unit mass, L’ is an 
energy-transfer potential, and OU’/Oy is the energy transferred 
per unit area and unit time by diffusional processes 

Eq. (1) has been derived in a completely general manner, sub- 
ject to no restrictions regarding the behavior of the gas—except, of 
course, that the process is stationary. 
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ENERGY DIFFUSION IN AN IMPERFECT GAS 


According to kinetic theory, the energy transfer by 


diffusior 
(excluding viscous dissipation) is 
ou 5 O& — ey: 
= Ku + 5 pj;D 9 
oy 2 oy — Oy 
where K is a constant, usually near 1; & is the average interna] 


energy of translation per unit mass of gas; é is the average jn 


ternal energy per unit mass of gas of a given quantum state, or 
ind D 
is a diffusion constant for the particular quantum state, or type of 


molecule. 


type of molecule, exclusive of the translational energy 


This expression is a generalization to energy transfer 
(as contrasted with heat transfer) of the formulation of Meixner 
Keeping in mind that we are concerned with energy flow across 
constant pressure region, Eq. (2) can be written 


4 


ou 5 O& oT oh 
= pond KM 
oy 2 O71 P oh P oy P 
»Dj(O0€;/OY) 
2 ” lle pD 0&, O7 oh 
pD( oe Oy) M o7 f oh P OY|1 


where pD is an average coefficient (over all quantum states and 
types of molecules at a point in space) and é; the average cor 


responding internal energy (exclusive of translational energy, 


both so defined that the quantity in brackets is unity. 7 is the 
temperature 
Defining u/pD as the Schmidt Number, Vgc, we may writ 
SES O€; O€; 
K N S¢ ine T 4 
ol _ 2 OT p OT p uw Oh 
Ov oh Vse Oy 
oT I 
From the fact that 
é+é+PV=h 
0é€;/OT = (Oh/07) (O€;/O7 PV) /o7 
we have 
5... Og; oPV 
: KN xc l a 
ol 7 2 OT ; o7 ; “a Oh 
oy oh Vc Oy 
OT p 


Eq. (3) is completely general. Under almost all conditions, and 
certainly most cases of practical interest, an excellent approxima 


tion to the gas law is 
PV = ZRI 
where Z is the number of particles per original particle in the un 


dissociated state. This law postulates no compressibility effects 


Then 
= (3 2)ZRI 
O€; 3+ O 
=a = ZRI1 
OT p 207 
Also 
(PV) o .. 
= ZRI 
OT Ip ol 
Further, for simplicity, let 
oh = 
= 8B ZRI 
OT p o7 
Substituting in Eq. (3), we obtain 
5 3 
; KNsgc — 1 l , 
ol 2 2 uw Oh l Oh 
= ~ t | = b 


oy B Nsc Oy Npr 29 


where Np; is an effective Prandtl modulus 
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RE 


and @ are of interest; let us consider 


The riations of K, .Vse, 
these in turn 

K If the translational energy is transferred by a collisional 
process Which is the same as that transferring momentum, K 
would be unity K is probably very close to unity 

\- [he mechanism of diffusional mass transfer (and thus 
energy transfer) is similar to, but not exactly the same as, dif 


fusional momentum transfer. Thus, although Vgc is close to 


me, it is not in general precisely one For air, Nsc does not, 
however, deviate greatly from one, probably even with dissocia- 


for example, reference 3. The special case of both 
kK = land Nsc = 1 corresponds to the ‘‘Euken approximation” 


for the thermal conductivity. 


tion nee, 


3 For a simple dumbbell molecule at low temperatures, 8 


57/2. At high temperatures B increases (even neglecting the 
due to the effects of vibrational modes 


ind if 


dissociation interactions 
\t very high temperatures the gas becomes monatomic, 
one could completely neglect dissociation interactions (an un 


likely situation), would drop to 5/2. It seems reasonable to 


suppose that B will generally be greater than 7/2, and if ap 
proximate dissociation equilibrium exists, very much greater 

It is clear that we have transferred most of our difficulty to 
that of determining the the Schmidt Number 


this analysis the effects of deviation from equilibrium 


\ iscosity and 
\lso, 1m 


will appear in Nsc and B 


EFFECT ON HEAT TRANSFER 


The heat transfer at the wall, in addition to its dependence in 
the usual way on Prandtl modulus and viscosity, will be governed 
by the total enthalpy at the edge of the boundary layer less the 
gas enthalpy at the wall 
from a maximum, at complete local equilibrium in the boundary 


This enthalpy difference will range 
laver, to a minimum corresponding to frozen equilibrium (at edge 
For this 
at the wall, and the en 


of boundary-layer gas composition) minimum case 
there would be no recombination, even 
thalpy difference would be given by 
71 
AH = 7 cpdl 


& v7 wai 


where 1 refers to edge of boundary layer and cp is the heat ca- 


pacity of the frozen composition 
We may expect actual heat-transfer rates between these limits 
Note that it does not matter where recombination occurs —in the 


boundary layer or at the wall—the heat transfer is the same (ex 


cept for the effects of modified transport properties.) 


CONCLUSION 


Based on rather general arguments as to the nature of the 
energy diffusion process in a gas it has been shown that the heat 
transfer from a dissociated gas is a function primarily of the en- 
thalpy difference across the boundary layer. The maximum heat 
transfer occurs when dissociation equilibrium is attained at the 
wall, independently of whether it exists throughout the bound 
ury laver 

{n effective Prandtl modulus will exist in such cases, probably 
ranging from the ordinary room temperature value to about unity, 
ind the viscosity of the gas would be dependent on the point 


values of the gas composition and its temperature 
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Viscous Flow Along a Flat Plate Moving at 
High Supersonic Speeds* 


Y. H. Kuo 

Graduate School of Aeronautical Engineering, Cornel! University 
Ithaca, New York 

June 7, 1956 


ANNUAL MEETING of the Institute of the Aeronautical 


T THI 
A Sciences, January, 1956, James M. Kendall, Jr 
a set of highly interesting data on the characteristics of the flow 
over a flat plate at Mach Number 5.8, obtained from the GALCI1 


2 


sy measuring the impact 


pres¢ nted 


5- by 5-in. hypersonic wind tunnel I 
pressure profiles and the static pressure along the plate 
Nagamatsu,” he was able to deduce the 
detailed structural features of the flow field Phese 


veal definitely that the flow field between the shock and the plat 


is pre 
viously reported by H. T 
results re 


has two distinct regions—the one which is close to the plate is of 


the boundary-layer type, and the other which is far from the plate 
is nearly inviscid and of the simple-wave type rhis picture is in 
complete accord with the model that has been used in a theoretical 
calculation.’ To substantiate this point of view, it is proposed to 
make further quantitative comparisons 

Kendall, the 
measured with the greatest degree of certainty 
().0002 in.), the thickness effects must 


surface pressure was 


\s the leading 


Of the results reported by 


edge of the plate was thin 
have been very much reduced, if not entirely eliminated rhe 
surface pressure affords, for this reason, the best chance of a check 
This comparison is made in Fig. 1. The 
Reynolds fall 

) 


very close to the theoretical curve for the parameter x less than 2 


of the theoretical result 
experimental points for three different numbers 
and lie below it beyond that value of x, i.e., very close to the lead 
ing edge 

Previously, D. Coles has made a similar measurement at Mach 
found 
consistently high.* Ken 
dall’s results shows definitely that the leading-edge geometry of 
Cole’s plate caused an additional deflection of the flow, as in the 


3.7, which, when compared with theoretical values, wa 


The good agreement now achieved by 


case of a wedge and, therefore, gave rise to a slightly higher pres- 
sure 

The divergence of the measurements and calculations beyond 
X equal to 2 may well be attributed to the inaccuracies of either 
the pressures measured or those calculated in the neighborhood of 


the leading edge (less than 0.08 in. from the leading edge, say 


Without further careful measurements nothing definite can be 


said at this moment 


Based on the impact-pressure profiles, Kendall deduces ap 


proximately the flow properties behind the shock, such as ve 


* This study was carried out at the suggestion of Dr. W. R. Sears, Director 


of the Graduate School of Aeronautical Engineering, with the financial sup 


port of the Mechanics Branch, Office of Naval Research Reproduction in 


whole or in part is permitted for any purpose of the United States Govern 
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Fic. 1. Pressure distribution along the plate at WJ = 5.8 
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Fic. 2. Pressure distribution in layer between plate and shock 
locity, mass flow, static pressure, ete. Of these quantities, the 
static-pressure profile is the most interesting. It shows not only 
the behavior of the pressure inside the boundary layer and in the 
inviscid field but also the outer edge of the flow field —namely, the 
shock curve. The comparison with the estimated values at x = 
0.64 in. is given in Fig. 2. That the measured surface pressure at 
x = 0.64 in. is too high--an anomaly pointed out by Kendall 
seems to be borne out by the calculations. On the whole, the 
agreement in this case is qualitative only 

From the impact-pressure profiles, Kendall also defines the 
shock curve and the edge of the boundary layer. These are com- 
pared with the corresponding calculated ones in Fig. 3. The 
shock curve has been calculated not by means of the accurate 
formula but by its asymptotic form and is fitted to the measured 








value at x = 0.25in. Asa result, the agreement for large x is not 
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Fic. 3. Shock curve and edge of boundary layer at lJ = 5.8. 
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so good as expected. On the other hand, the calculated boundary. 
laver edge lies consistently below the estimated curve. This dis. 
crepancy can possibly be explained by the fact that the caleula. 
tion was based on the choice of the similarity parameter to be 7 
instead of 8. In any case, the agreement in the boundar layer 


curve is quite close. 


REFERENCES 


Kendall, Jr., James M., Experimental investigation of leading edge s} 
wave-boundary layer interaction at hypersonic speeds, Hypersonic Project 
Mem. No. 30, January, 1956 
2 Nagamatsu, Henry T., Summary of Recent GALCIT Hype nic F 
perimental Investigations, Journal of the Aeronautical Sciences, Vol. 22, N;, 
3, pp. 165-172, March, 1955 
Kuo, Y. H., Viscous Flow Along a Flat Plate Moving at High Supersonj 


Speeds, Journal of the Aeronautical Sciences, Vol. 23, No. 2, pp. 125 136, 





February, 1956 


Comments on Viscous Heating 


H. M. DeGroff 

Head, School of Aeronautical Engineering, Purdue University 
Lafayette, Indiana 

June 6, 1956 


D* SYDNEY GOLDSTEIN has communicated with the present 
author regarding reference 1. The purpose of this note is to 
provide a short summary of Dr. Goldstein’s analysis and to com 
pare his results with those of reference 1 

Dr. Goldstein poses the same problem as given in reference | 
That is, consider the steady laminar flow of a viscous heat con- 
ducting perfect gas between two infinite horizontal planes. Let 
the lower plane at 7 = 0 be at rest and let the upper plane at yn = | 
move parallel to itself at unit velocity. Further, assume that 
both planes are maintained at unit temperature. The equations 
governing the nondimensional temperature and horizontal ve 
locity variations in the vertical coordinate, n, are then 


(d/dn) |u(du/dn)| = 0 | 


k(dT/dn)| + 207u(du/dn)? = O 2 





(d dn) 
where yu is the nondimensional viscosity, k is the nondimensional 
heat conductivity, 20? = P;(y — 1) .M;?, P; is the Prandtl Number 
(assumed constant), y is the ratio of specific heats (assumed con 
stant), and 1) is the Mach Number corresponding to velocity and 
temperature conditions at the moving plane. The boundary con 
ditions are 


u(O) = O u(1) = 1 T(0) = T(1) = 1 


Since P,; is taken as constant, 


h=k 
Eq. (1) integrates to 
p(du/dn) = C; 3) 
where C; is a constant, and substitution into Eq. (2) yields 
(d/dn){u(dT/dn)| = 20°C \(du/dn 4 
By integration 
u(dT/dn) = C. 2a? Cu 5) 


where (» is a constant Divide Eq. (5) by Eq. (3 


dT/du = C; — 2o07u 6 
where C; = C:/C,. 
Upon integration of Eq. (6) and use of the conditions 
T(u = 0) = 1 Tin = 1) = 1 
one obtains the following relation between the temperature and 
velocity: 
T=1 + ou(1 M ‘ 
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is independent of the reiation between viscosity and tem 


Eq. (7 
perature 

If we now assume that the viscosity is proportional to the tem 
perature, then » = 7. We make this substitution in Eq. (3), and 


jivide Eq. (3) by Eq. (8) to obtain 


du/dyn = C,/{1 + oul u) 8) 

Then upon integration and substitution of the boundary condi 
tions w(0) = O, u(1) = 1, we find that 

C; = 1 + (07/6 9g 


nd the velocity distribution is given by 
u + (07/2)u? — (07/3)u*® = [1 + (07/6) |n (10) 


Eqs. (7) and (10) serve to completely determine the tempera 


ture and velocity profiles. It should be noted that when J, = 0, 
o? = 0), Eq. (10) reduces to the classical Couette result, «1 = 7 
Furthermore, it is clearly evident that an inflection in the veloc 
ity profile occurs at 7 = 1/2, u = 1/2 


Unless the (dimensional) distance, h, between the planes is so 
large that gh/ay? is not small, where dp is the velocity of sound at 
the temperature of the planes, the pressure between the planes is 
almost constant. If p) and py are the pressure and density at the 
lower plane, and pop, pop the pressure and density at any point be 
tween the planes, 


dp dn = ghp p)/p 


Divide by Eq. (3) with = 7. Also divide by p, use p/p7 = 1, 


2 = +p /po, and the value of C; in Eq. (9) 


The resulting equa- 


tion is 

(1/p)(dp/du) = cu 
with the integral 

cu 
D = ¢ 

Since 

p=1 at u=0 
wher¢ 

C = ygh/ay?{1 + (07/6)] 


rhe method used is an application of Illingsworth’s method? 
to a particular case, and the results may be obtained from his 
general equations. The results for this particular case were men 
tioned by Dr. Goldstein in a lecture at the International Congress 
of Mathematicians, Amsterdam, 1954 

That the results of reference 1 agree with Dr. Goldstein's 
analysis can be seen as follows. The reference gave the mid 


channel temperature, 7), as 


Tm — 1) + (3/2)(Tm — 1) /? — (80C,/4) = 0 1] 
Now since u(n = 1/2) = 1/2, Eq. (7) gives Tm 1 = o*/4 
Substituting this result into Eq. (11) one finds that C; = 1 4 


o*/6) which agrees with Dr. Goldstein’s findings. Furthermore, 
if these results are introduced into the analysis of reference 1, the 


temperature profile can be expressed by 


Hence, Eqs. (10) and (12) give the velocity and temperature pro 
files in explicit form 

It should also be noted that the above results show that the 
conclusion drawn in reference 1 that variable viscosity and heat 
conductivity increase the skin friction to a lesser extent than the 
heat transfer is erroneous. This can be seen as follows. In the 
case of constant viscosity and heat conductivity, the skin friction 
ind heat transfer at the fixed plane are given by 


k(dT/dn) = o° 13 


u(du dn) = ] 
If, on the other hand, the viscosity and heat conductivity are both 
nearly dependent upon the temperature, 
u(du/dn) = 1 + (07/6) - 
k(dT/dn) = o°({1 + (02/6)] 9 


Hence, the ratio of skin friction to heat transfer, evaluated at the 


ixed plane, is the same in both eases 
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The author wishes to express his deep appreciation to Dr. Gold 
stein for the privilege of communicating the above analysis 
Acknowledgment is also due to Dr. Stephen Malsen, Lewis Flight 
Propulsion Laboratory, NACA, for some very informative com 


ments on the problem of viscous heating 
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Further Comments on the Decay of a 
Nonuniform Velocity Distribution 


William J. Guman 

Assistant Professor, Department of Aeronautical Engineering 
Rensselaer Polytechnic Institute, Troy, N.Y 

June 21, 1956 


IT AN EARLIER NOTE! the decay of a nonuniform velocity distri 
bution in a constant area duct was treated by making use of 
a parameter y defined as (@)?/u?. An examination of the same 
problem, but including area changes, external energy transfer and 
body forces, friction forces, ete., shows that from a qualitative 
point of view it is more convenient to use the kinetic energy car 
ried by the velocity nonuniformity as a measure of the nonuni 
formity. Using the technique of influence coefficients introduced 
by Shapiro and Hawthorne,? one can obtain following relations 


di l dA dE dQ dF 


i M?—1| A | 29C,T C,T ' pa 
oak 

am *{' t+ 93 ve | dA dF 

vo vi 1 pA 
,e+iff dE dQ) 
M?—1 L29C,T CC, 4 

dT (y—-1) M2, dA dF } 5-1 dE dQ 

pe ees .” a1 W?—-1 L22C,T  Cy7 

dp yiefdA dE dQ 1+(y—1)M? dF 

> Btls wer ci W?—1 pA 

dp Ww dA 1 | d&E dQ dF 

"eas "a TE las cr af 

ds dE io y-1 oF 

c aw 2gCpT ’ Cpl pA 


In these @ denotes the velocity, p, p, and 7 the pressure, den 
sity, and temperature, respectively (the latter three are assumed 


to be uniform at each section of the flow The Mach Number J 


is defined as VW = (%)/V ygRT. The term F represents the 
component of all body forces, ete., assumed positive in the direc 
tion of flow 
is proportional to E where & is defined as = nu? u)?, and 


l oe 
w= u2 dm “i= | udn 
mJ mJ? 


In these uw is the local instantaneous velocity, m tl 


The energy carried by the velocity nonuniformity 


where 


e mass flow 


rate with dm = pudA. External energy transfer is denoted by 
Q. The entropy is represented by s 

From the relations presented it can be seen that in the presence 
of a velocity nonuniformity, body forces, external energy ex 
change, and area changes affect all flow parameters in the same 
manner as they affect a perfectly uniform flow. Since the coeffi 


cient of the nonuniformity term is the negative of the coefficient 
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of the external energy transfer term, the effect of a change in the 
nonuniformity affects the flow parameters in a manner analogous 
to external energy addition, but differing in the sign. This is 
because the decay of a velocity nonuniformity implies a decrease 
in the energy associated with the nonuniformity, and, thus, this 
is analogous to an increase in the external energy transferred to 
the flow. 

It is also of interest to note that E/ygRT is equivalent to a 
Mach Number. This Mach Number, being equal to zero for a 
perfectly uniform flow, may be defined as the Mach Number of 


the nonuniformity 
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A Least Squares Matrix Interpolation of 
Flexibility Influence Coefficients 


Alfred F. Schmitt 
Ryan Aeronautical Company, San Diego, Calif. 


June 12, 1956 


INTRODUCTION 


T° AEROELASTIC INVESTIGATIONS Of thin low aspect ratio wings, 


it is frequently desired to employ structural influence coeffi 
cients relating loads and deflections over large nets of points 
Since structural information is not often directly available in such 
detail, it is necessary to formulate a scheme which will permit 
interpolation from a structural net of points (of modest size) to a 
larger aerodynamic net, at which aerodynamic forces are to act, 
and very often to still another net of control points, at which de 
flections and flow directions are to be matched. Application of 
the station function method,! while leading to such an interpola 
tion, leaves much to be desired in terms of routine machine 
adaptation 

It is the purpose of this note to present a matrix interpolation 
formula, based upon a weighted least squares curve fitting pro- 
cedure,? which is readily programmed for automatic machine com 
putation and which is both accurate and flexible enough to handle 


interpolations between widely varying net sizes 


ANALYSIS 


Assume the flexibility influence coefficients are available over 
a net of points (p, g) here called the structural net: let these be 
Cyq. It is desired to relate forces on the (p, g) net to deflections 
on another net (&, /), called the aerodynamic net 

Consider one column of C,g. This column describes the de 
formed shape of the wing resulting from application of a unit 
load to point g. Since an elastic curve varies continuously, we 
can approximate this deflection mode by a linear combination of 
preselected functions FE; (xv, y). Thus, 


E,iay 2 Cp (1) 


Here, E,; is function £; (x, y) evaluated for the coordinate loca- 
tions of point p. The a; are undetermined coefficients. By the 
method of weighted least squares? the error v, = FE,,a Cpisa 
minimum when * 


ExqgWat, = O 


where W,, is a diagonal matrix of weighting factors. Hence, we 

* Within each subscript pair (ij), (k, 1), (m,n), and (/, q), the subscripts 
are used interchangeably Thus, the matrix Ej; is identical with /,; and 
E 


jq is its transpose. 
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have 


Solving, 


where 


Now using the coefficients from Eq. (2), the deflections aft 


points k in this deformation mode are written as |ef Eq ] ] 
C. = E, = Fy iT ;EjqWopC 
Since these are deflections at points k due to a load at point q, 
the desired interpolation equation becomes 
Cis Bil EjgWeopCoe 
In the same manner, if there exists a third net of points 


such as the control points of an aeroelastic problem, one has 


One * Build glieW anW. 

Since, from physical reasoning, we can writ¢ 
hag 

then, substituting from Eqs. (4) and (5), we get 


Ey; TE (6) 


it relates the deflections at 


control points (m7, 2) to loads at the aerodynamic net (k, 1) when 


Eq. (6) is the desired end result 


initially structural data were available for only the structural net 
It will be noted that the matrix triple products immedi- 

ately to either side of C,, are the transpose of each other 
In the application of the method it is necessary to use care in 
selecting the functions /,(x, y) and the factors W,,, since Eq. (3) 
calls for an inversion of the triple product £;,W,,E, It is de- 
sirable that this matrix be well conditioned if the inverse is to be 
formed accurately. By observing that the triple product 
EjgWqpEp: is essentially a numerical evaluation of the integral 
SEE; dw, it is seen that use of functions E(x, y), having 
weighted orthogonality, would lead to a very well conditioned 
matrix. Use of the normal free vibration modes of the wing 
would be ideal for this purpose 
expressions are not readily available for such modes on most low 


Unfortunately, simple analytic 


aspect ratio wings 

It has been the writer’s experience that product combinations 
of the normal modes of a uniform cantilever beam* provide very 
satisfactory functions for plate-like wing surfaces Thus, for 
example, if the first three normal modes of such a beam are ¢, 
gs, and ¢;, then for a delta wing, with origin of coordinates at 


the apex, one might use 


etc. 


For the weighting factors IV), the areas surrounding each 
point (p, g) may be used, the sum of the W,, being the total wing 
area 

With such choices for the Ei(x, y) and Wp, 
of the work of solving Eq. (6) may be preprogrammed for a digital 


the lion’s share 


computer such that the solution for a specific wing problem is 


quickly accomplished 
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